goooboooobgon
O 17510 20110 9-17

A genetic method for non-associative algebras
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Abstract. A genetic method for a systematic construction of non-associative
algebras is presented. A concept of Mendel algebra is introduced and it is
proved that a certain class of Jordan algebras and flexible algebras can be
Jound in Mendel algebras and that a classification theory of non-associative
algebras based on the Mendel algebras is given from a point of view in
genetics.

Introduction

In this paper we introduce a method of genetics to non-associative algebras and
generate them by use of the mathematical formulations of Mendel’s law
systematically and classify them based on these laws. By these observations we can
conclude that the theory of genetics will be important for the theory of non-
associative algebras.

We introduce a concept of Mendel algebras following the Mendel’s separation law
in genetics. We call the linear space M with generators S,,S,,...,S, Mendel algebra,
when generators satisfy the following commutation relations and the distributive
law: i

§i#8,=215,+5))

At first we notice that the algebra is non-associative. We want to find non-
associative algebras including the flexible algebras and Jordan algebras in Mendel
algebras. These algebras satisfy the following commutation relations: For any pair of

elements " X,"Y of the algebra we have the following relations respectively:
flexible algebra: (XY)X = X(¥X)
Jordan algebra: ((XX)Y)X) = (XX)(¥X)
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The main results of this paper can be stated as follows:

(1)Mendel algebra is flexible algebra and Jordan algebra(Theorem I and II).

(2)A family of flexible algebras and Jordan algeberas can be generated by
mathematical formulation of Mendel’s laws:Separation law, mating law and
independent law(Theorem III).

(3) We can give a classification of non-associative algebras by use of the shift
invariance condition in Mendel algebras. We can discuss these commutation
relations in terms of ,,shift invariant elements* of an algebra. Then we can show that
the shift invariant algebras on Mendel algebra automatically derive a family of non-
associative algebras including flexible algebras and Jordan algebras

1. Mendel’s laws

In this section we recall some basic facts on Mendel’s law([4]). In 1860, Mendel
has discovered the fundamental laws in genetics, which are called Mendel’s laws.
They constitute three laws: (1)Separation law, (2) Mating law(3) Independent law:
We describe the laws with figures and we omit its description.

(1) Separation law

Mendel’s
separation law

(Each element is commutative)

Mendel's
independent law
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>

e }//\;'\
4] u




11

2. Mendel algebra and its basic facts

In this section we introduce a concept of Mendel algebra which is motivated by the
Mendel’s separation law([5 ]):

(Mendel algebra)

Definition
Let A(=R[S,,S,,...,S,]) be an algebra. Introducing the product by

% B S, *S, =1{S.+S.}
X*Y = Z,1 a,pB,S*S, (X Z L ,aY=Z,.=,ﬁ;S,-)
XI*Y1=§(X1+YI)

we have an algebra M (R) which is called n-dimensional Mendel algebra .

We notice that the Mendel algebra is non-associative and commutative algebra. In
fact we can give a simple example:

«s,»*S,-)*S,,)%(S,-+S.-+2Sk>s ((Si*<sj*s,,)>=§(zsf+sf+Sk)

(Basic properties)

We state some basic properties on Mendel algebras:
(1) Hardy-Weinberg law([4]):

We have the following equality:

L aSY =2 48 Q. q=1)

(2)Mendel algebra with defects([4]):
In order to treat mutations of genetics in the realistic manner, we have to introduce a

concept of defects in Mendelian genetics. It is called of homo type, when

S;*S, =0(i,7,i # j). It is called of hetero type, when S’ = 0 (%).

(3)Gametic algebra([5])

We can generalize a concept of Mendel algebra to gametic algebra. Let R [x;,x,,..x,1
be the space of homogenous polynomials with n+1 variables of degree m. Choosing
f.g€R,[x,,%,.,x,] and define the product of fand g by

™ 9 (%)

koo -
/8= ot o,

we obtain the gametic algebra of degree m. In the case of degree 1, it becomes the

Mendel algebra([5]).

(4)Tensor product of Mendel algebras

We can define the tensor product M, ® M, of two Mendel algebras M,, M, as follows:

Putting M, = R[S,,S,...,S,], M, =R[S",,S",,..,S",, ], we define
M, ®M,=R[S,®S";:i=12,.n,j=12,.,m],
where we define the product by




(S, ®5, )’;(Sk ®S',)=(5,*S5,)®(S',*S")).
Then we have the following proposition:
Proposition(Independent law)

We have the following separation law:
1) (S, 85, );(S,, ®S',)=1/2%(S,®S5',+S5, ®S',+S, ®S5,+5,®5",)

(2)Putting x=3" oS,.¥ = Z;‘] gs,and U=3" oS, V= Z’]L, g S, we have

1

X®Y=Z:=l le 2,5, 88, U®V=Z’q Z:I a, B,S, ®S',. Then we have
XON*UBV)=Y" Y. 3 3 ad, BB (58S 458 45,85 45,8S)

Remark. We have considered the vector space M‘”(R) over R . From biological

point of view, it seems to be not natural. In this paper we consider mathemtics which
is motivated by genetics. If you want to treat it in a biological manner regolously, we
may consider the vector space over finite field F', for example, F = {0,1,2,.., N}

where N is the total set of life things, or DNA.

3. Mendel algebra is flexible algebra

In this section we treat flexible algebras from our point of view. We begin with the
definition([6]):

Definition

(DAn algebra A4 is called flexible algebra, if the following commutation relation is
satisfied:

VX,VY €d = (XY)X = X(¥X)

At first we give a simple flexible algebra. We choose an algebra with the following
product table:

e e
e | 2¢ e = (ee)e, 2e (ee,)
e, e, O
Proposition
The algebra is a flexible algebra, but not an associative algebra.
Proof

Putting X = a.e, , Y= Be, , We check the condition: (XY)X = X(XX) . Since
XY =YX =2x,y,e, +(x,y, +x,3,)e, - Hence we have (XY)X =2x’y,e, +x,x,y,e, and
(X(¥X) =2xy,e, + x,x,y,e, Which proves the assertion.

Next we proceed to flexible algebras generated by Mendel algebras.

Theorem I
Mendel algebra M (n>2)is a flexible algebra, but not an associative algebra.

12
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Proof Putting X =3 o,5,,Y=) BS,, we see
(XV)X)=Y a,8,2,(S,*5,)*5,, and (X(XX))=Y .a,B,e,5, *(S;*S,) -
Hence to prove the assertion, it is enough to prove the following equality:
D aBa (S *S)*S, =D B, *(S,*S,).
For this we decompose the both sides in the following manner:
2aB,0,(5*S)*S, =Y ., aB,a(S *S)*S, +Y ..aB,a(S *S,)*S,
Y a.B,a,S %S, *5,)=> L aBaS *(S, *S)+ Y. . BS * (S, *S,)
Since (S, *S,)*S,)=((S, *(S, *5,)), the first term of the both sides are identical. The
second terms of the both sides can be written as follows:
D @B (S, *5)*8, = Lo, B (S, *S;)*S, +(S, *S,)*S;}
D @B S, *(S,*¥8,)= o B,a S, *(S, *5,)+5, *(S,*S))}

By use of the commutativity of Mendel algebra, we see the both sides are identical.
Hence we have proved the assertion.

4. Mendel algebra is Jordan algebra

In this section we make a Jordan algebra from our point of view. We begin with the
definition([3],[6]):

Definition
An algebra J is called Jordan algebra if the following commutation relation holds

for vX,vYeJ:
((XX)Y)X) = (XX )YX)).

When it is commutative, it is called Jordan algebra simply. Otherwise it is called non-
commutative Jordan algebra.

At first we give a simple non-commutative Jordan algebra.

Proposition
The algebra with the following product table is a (non-commutative) Jordan algebra

— (e,e)e, = e,(ee,)

Proof
The proof is a direct calculation. Putting X = xe,¥ = ye,, We have
(XX) = (x] +x2)e,,and (YX) = (x,, + X,1,)e, + (%, ¥, +x,¥,)e,
From (JX)Y = (x + x}X(y,e, + y,¢,), We have
(XX)NX = (x12 +x22){(x1y1 +X,9,)8 +(X, 3, —X,¥,)e,)}-
On the other side we have
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((XXXXXx)= (x12 + xzz){(’ﬁyl +X,),)e +(x, 3, —x,¥,)€,)}-
Hence we have the assertion.

Next we proceed to the realization of Jordan algebra by use of the Mendelian algebra
M™ . We can prove the following:

Theorem I1
Mendel algebra M'™ (n>2)is a Jordan algebra,but not an associative algebra .
Proof : Putting x =3"a,5,7=> 45, Wehave
(XX) =3 o2, B,0,(S,*S,)*S,)*S),
(XXXYX)) =2 o, B/ (S, *S,)*(S, *S)),
Hence to prove the assertion, it is enough to prove the following equality:
Zaiajﬂkal((sl *S)*S)S, = Zaiajﬂkal(si *5)* (S *S)-
For this we decompose the both sides in the following manner:
> a2, B,a,((S,*S,)*S)*S, =Y. B (S, *S)*S, + D 'a,a,Ba,(S, *S,)* (S, *S,)
Zaiajﬂkak(sl *(S,*S NS, = Zlﬂdaiajﬁkal(si *5,)* (S *SI)+Z'aiajﬂkal(Si *S)* (5. *S)
where the second sum is remained sum. Since ((s, *5,)*5,)*S, =((S,*S5,)*(S, *S,))>
the first term of the both sides are identical. Next we decompose the remained sum
into two parts: X'=ZX' +X', :The first sum is taken for the case of two of the

indices (i, j,/) are identical and the remained sum is taken for three different indices .
The second terms of the both sides can be written as follows:

Z 2 'aiajﬂlral (S * Sj) *S)*S, = Z 0 %oiy%a iy Pr@oiy {(Soiiy * Sei) *Si *Soin}
Z 2B (S, *S;)* (S, *S))= Z 0 Cotiy Lo VB Coiy {(Soiiy * oy ) * (S * Soy )} »
where the sum is taken through the permutations of three words. By use of

(** S *S,-)*Sz,)*Sz)=%(S,- +8;+25, +45,),((5,*S)*(S, *Sl))=%(S; +8;+S5,+5,)>

we see the botth sides are identical. In a completely analogous manner, we have the
first equality forZ', . Hence we have proved the assertion.

5. Genetic generations of non-associative algebras

In this section we introduce genetic constructions of non-associative algebras from a
given non-associative algebra following Mendel’s laws in Section 1. By this method,

we can generate a class of non-associative algebras including flexible and Jordan
algebras systematically.

(1) Separation law
At first we notice that we can introduce a Mendel algebra As(4) from a given

(associative) algebra 4 which is finitely generated: 4= Rle,,e,,...,e,]. We see that

xe4 has the following form: x=>"a,, , Q.. ,(Q, , =ele?...ek). Then we can



define the Mendel algebra by the following product rule with a distributive law:
Oy, * Qs =@y, +Q, )

[T gy~ o 5 gy

Then we can prove the following proposition:

Propeosition

Mendel algebra ar(4)of an algebra 4 is a Mendel algebra which is generated by the
linear basis of 4.

(2)Mating law
We make the following definition:

Definition
For an algebra 4, putting

XoY=%(XY+YX) for x,y e 4,
we have an algebra which is called the specialization algebra of 4
Then we can prove the following Proposition:

Proposition

(1)The specialization of Mendel algebra is the original Mendel algebra.

(2) The specialization of a flexible algebra is a flexible algebra.

(3) The specialization of a commutative Jordan algebra is a Jordan algebra..
Proof of (1). If follows from the definition.

Proof of (2). Let 4 be a flexible algebra. For elements x,y e 4, we have
(XoY)oX = %{(XY)X+(YX)X+X(XY)+X()Q’)}

XO(YOX)=%{(X(XY)+X(KX)+(I?()X+X(ZX)}

Hence comparing the both sides and using the commutation relation, we have the
assertion.

Proof of 3). ((xox)o¥)oXx)
- %{«Y(XX))X # XN} + {EONX + XY

. ((X°X)°(Y°X)?
= Z{(H)(W)+()7f)()0()} +Z{()0()(XY)+(XY)()0()}
By use of the commutativity and the commutation relation, we have the assertion.

(3)Independent law
We make the following definition:

Definition
For algebras 4,4, putting x ®y" for X € 4,Y'e 4", we have an algebra which is called
the tensor product of 4 and «'.

Then we can prove the following Proposition:

Proposition

(1)The tensor product of Mendel algebras is a Mendel algebra.
(2)The tensor product of flexible algebras is a flexible algebra.
(3)The tensor product of Jordan algebras is a Jordan algebra.

15
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Proof of (1). It follows from the definition.
Proof of (2). Let 4, 4 be flexible algebras. For X = x® x',¥ =Y ® ", we define

Xe? =(X®X')e(Y®Y')=(XY)®(X'Y'). Then we have

(XoP)e X ={(X®X)e(Y ®Y")}o X ={(XY)B(X'V')}e X®X'=(XY)X R(X'Y)X"

Xe(YeX)=Xe{(Yy®Y")e(X®X)}=X®X ¢ {(XY)R(X'Y)}= X(¥X)Q(X' (' X")

Hence we have the assertion.

Proof of (3). Let 4,4 be Jordan algebras. For X = x ® x',Y =Y ®Y', we define

XeV =(X®X')e(Y®Y')=(XY)®(Xx'Y"). Then we have

(XeX)oP)o X = {{(XRX')o(XDX')}e(Y BY')}}e X R X"
={{(XOB(X'X")}eY ®Y'}e X ® X = {(XX)Y (X' X")Y'}e{X ® X}
= (X)X (X' X)X

(XoeX)e(PeX)={(XRX)e(XRX")}e{(Y BT )e(X®X')}
={(XX)Q(X'X")} e {(¥X)B(Y'X")} = {( XX NXX)S(X' X'XY' X")}

Hence we have the assertion.

Summarizing the results above mentioned, we have the following Theorem:

Theorem III

When we call the three processes above mensioned in one word genetic generation
method, we can prove the following results:

(1)We can generate Mendel algebras by the genetic generation method .

(2) Flexible algebra is generated by the genetic generation method.

(3) Jordan algebra is generated by the genetic generation method.

6. Classifications of non-associative algebras based on Mendel
algebras

In this section we shall obtain flexible algebra and Jordan algebra from the shift
invariant conditions. Here shift implies that the change of the neighboring brackets in
an acceptable manner in the sense of formal language and shift invariance implies the
elements give the same elements by the shifts of brackets. We give two examples of
shift operations.

A= /N AN = X

X Y X X X Y X
flexible algbera Jordan algbera

Based on this fact, we can get a group of non-associative algebras which are related to
Mendel algebras.

Proposition(Shift invariance of flexible algebra)
We assume the following shift invariant elements: X *(Y *Z)=(X *Y)*Z for

VX,VY,VZ € M(A) . Then we have X*=Z*. Hence we have a flexible algebra.

Proof Putting X =>a,5,Y =) B5,Z=) S, we consider the shift invariant
condition: X *(Y *Z)=(X*Y)*Z. Restricting special element, we consider
((5,*S,)*S,)=((S,; *(S,*S,)) - Then we see S, =S,. we have
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(X0)X) =Y 0,5,2,8,(S,*5,)*S,,and (X(XX))= Y 0,5,2,6,5, *(S, *S,), Hence we
obtain X*(Y*X)=(X*Y)*X

Proposition(Shift invariance of Jordan algebra)
We assume that (X *¥)* Z)*w = (X *Y)*(Z*W). Then we have x =y =w.
Hence we have a Jordan algebra.

Proof :From
(F*F*F)CS,; *Sf)*S,,)*S,)zé(S,. +Sj +28, +45,), ((S; *Sj)*(S,, *S,)) =%(S,. +Sj +8,+5)

and (((s,*5,)*5,)*8,)=((5,*5,)*(5, *5,))> we have §, =5, =5, . Hence putting
X=Ya8,Y=> B8, wehave the commutation relation of a Jordan algebra.

Hence we see that the shift invariance condition chooses a class of non-associative
algebras in Mendel algebras. Therefore we may expect to list up non-associative
algebras connected to Mendel algebras using the shift invariance of elements in the
following table:

(The table of possible commutation relations)
(1)The terms of shift invariant conditions of degree 3

(XY)Z),(X(¥Z))
(2) The terms of shift invariant conditions of degree 4

(CXNZW), (XQZ)HW), (XY NZW)), (X(Y(ZW)), (X((YZ)W))
(3) The terms of shift invariant conditions of degree 5

(2, (XQZYWHU, (XXZWNU, (XF(ZW)U, (XT(EZWU)), X(T(ZW)U)
X(¥@Zw)U), X((Z)NM), (XYNZWHU, (XY)ZYXWU), (XYXZ(WU)), X(YZ)WU))

Examples of calculations of shift invariant elements tell us that the commutation
relations of flexible algebra and Jordan algebra are basic and that we can get the
algebras with commutation relations which are generated by those of flexible algebras
and Jordan algebras.
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