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Abstract. In a previous paper [see Numer. Math. 72(1996), 501-522] we developed finite
element error estimates for the least-squares mixed formulation of second order elliptic boundary-
value problems. These estimates were established under appropriate regularity assumptions and
confirmed in supporting numerical experiments. In the present work we extend the analysis to
develop interior estimates on subdomains under weaker global regularity assumptions.
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1. Introduction. There is an increasing research interest in mixed finite element
methods for first order elliptic systems primarily because the flux enters explicitly
in the formulation. Hence the method is capable of generating more accurate flux
approximation and this may be of value in certain applications such as flow through
porous media [2]. Most of the attention has focused on mixed Galerkin finite element
methods [5, 11, 26], see also [12]. However, since this corresponds to a saddle-point
problem these schemes are subject to the consistency requirements of the associated
inf-sup condition [1, 4, 15]. Moreover, this mixed formulation frequently leads to
nonsymmetric systems that are indefinite. More recently, least-squares mixed finite
element schemes have been proposed as a possible alternative [3, 8, 9, 10, 13, 14,
16, 17, 18, 19, 21, 22, 23, 24, 25, 6]. While there are still several open questions
regarding both the theoretical properties and practical viability of this approach, it is
not subject to the previous LBB requirement and also leads to a symmetric positive
definite system.

Based on our previous works [23, 24, 21], optimal error estimates were developed
in [25] for the prototype second order elliptic problem under certain global regularity
assumptions. Several different variants of the formulation were studied in which an
additional curl term and flux boundary constraint were considered in order to obtain
improved estimates.

In general, we do not have the required global smoothness. However, the solution
1s usually smooth in subdomains away from the singularities of the data. The present
work continues in the manner of our previous studies to develop interior estimates
on such subdomains. Local error estimates for Galerkin finite element methods were
developed by Nitsche and Schatz [20], Schatz and Wahlbin [27, 28], Wahlbin [29],
and our approach follows the same basic strategy. However, the least-squares mixed
method imposes specific problems which had to be overcome.

To fix ideads, let 2 be the domain of interest and g, ©; be compact subdomains
of Q such that Qy CC ©Q; CC Q. Consider finite element approximations u, and oy,
to the primary solution u and the flux . Assume that the finite element spaces for
up and oy consist of piecewise polynomials of degree k and r, respectively. When
we use plecewise polynomials of equal degree, i.e. k = r, the analysis follows the
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2 A. I. PEHLIVANOV AND G. F. CAREY

general approach of Nitsche and Schatz [20], Schatz and Wahlbin [27], Wahlbin [29].
For example, the L2-error estimate is

lu = unllo o, + 1o = @allo,0p < Ch? (I[u = unly g, +llo = oully 0, )
(11) +C (llu = unll_y 0, + llo = onll_y 0, )

+ CR* (llullgs 0, + lollesra,) -

Note that, as usual, we have terms of optimal order plus the error in weaker norms
on ;. The latter terms control the rate of convergence provided the solution is
sufficiently smooth on Q.

However, when finite element spaces of different polynomial degrees are employed,
significant technical difficulties arise. Such difficuties are not present in previous

works. Then we have to use the Galerkin projection uj, for a specific auxiliary problem,
see further (3.3).

Let k+1 =r. Then, of course, we have the same estimate for |[u — usl|y o, as in

(1.1) above. Whenk+1=r,k>1,

[[w = uh”—-l,ﬂc +||lo - U'h”o,no < Cch® (H“ o uh“l,ﬂl + flu— u;||1,ﬂ1)
+Ch (Jlu = ull_y 0, +llu=will_y 0,)

(1.2) +C (llu = unll_s,0, + llo = @hll_1 0,)
+ Ch?*|lo — a4l g,

+Ch* (Ilull g, +19ll41.0,) -

The reader is referred to Section 3 for these and other error estimates.

The structure of the paper is as follows: In section 2 we present the least-squares
mixed formulation of the problem and define the associated spaces. Section 3 contains
the main results. The proofs are given in Section 4.

2. Least—squares formulation. Let  be a bounded domain in R®, n = 2,3,
with boundary I'. Consider the second order boundary-value problem
(2.1) —div(Agradu) — b -gradu+ec(z)u=f in Q,
(2.2) u=0 on T,
where A = (aij(2)); -

b= (bi(z),...,bn(z))". Introducing & = —Agradu, o = (o1, ...,0,), we obtain the
following system of first-order differential equations for v and o

1T € Q, is a symmetric positive definite matrix of coefficients,

(2.3) divoe+bTA 'o+cu=f in Q,
(2.4) o+ Agradu=0 in Q,
(2.5) u=0 on I'.
Since gradu = —A~'o, applying the curl-operator we get

(2.6) curlA”'e =0 in Q,
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see Neittaanmaki and Kfizek [16]. Also, from the boundary condition v = 0 on T, it
follows that n A grad u = 0 where A denotes the exterior product. This implies the
property
(2.7 nAA'e=0 on I'.
Next, define the spaces

(2.8) V={ve H'(Q):v=0 on T},
29) W ={g € L*(Q)" :divg € L*(Q)

' curl A"1g € L2(Q)" 3 , nAA"l¢=0 on T}

with norms
2 _ 2 2
[lolly o = llvllo o + llgrad ullg q »
2 _ 2 . 2 1 .2
||q||H(div,curl) — ||q”[},ﬂ. + ”le q"t],ﬂ + ||Cll1'lA lq“()Jﬂ .

We specify a least-squares minimization problem for (2.3), (2.4), and (2.6): find
u €V, o € W such that

J(u,o) = ve Vl,rg‘e WJ(v,q) ,
where
J(v,q) = (curlA'lq,0111'1‘41_14{;)0"n
(2.10) + (divg+bTA g+ cv — f,divg+ 6T A g+ cv - f)m

+ (g + Agrad “u,A‘l(q+Agrad'u))0,ﬂ .

Taking variations leads to the weak statement: find u € V, & € W such that
(211)  a(u,0;0,q) = (f,divg+bTA g + cv)on forall veV,qe W,

where
a(u,o;v,q) = (curl A_lrr,curlA_lq)oln
(2.12) + (divo’ +b:'“.zﬂl_lo'+cu,di\nq+f.'cTA"la;]'~l-cu)m,ﬂ
“+ (a' + Agradu, A"!(q + Agrad v])o,n .
For any compact subdomain G of , i.e. G CC 2, define

(2.13) V(G)={ve H(G):v=0 on 8G},
W(G) = {g € L}(G)" : divq € L*(G)

2.14
(2.14) curl A"'q € L*(G)™ 3, ¢=0 on OG}.

Let ©; be a fixed compact subdomain of € with sufficiently smooth boundary. If
v € V(Q), g € W(Q,) then extending v and g by zero outside 2; we conclude that
the solution (u, &) of (2.11) satisfies

(2.15) a(u,o;v,q) = (f, divq+bTA_lq+cv)

0,02,
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for all v € V(21), g € W ().

Let us now consider the finite element approximation problem. First, introduce a
partition 7 of 2 into finite elements. Let Px(X), ¥ C R", be the set of polynomials
of degree k on ¥ and let K denote the master element. Suppose that for any element
K € Th there exists a mapping Fk : K - K, FK(IA() = K, with components
(Fk); € Ps(K),i=1,...,n;i.e., these components are polynomials of degree s. As
usual, we have the correspondence vy (z) = 94(2), g, (2) = g, (&) for any ¢ = Fi (&),
& € K, and any functions 4, q;, on K.

Let V4 and W, denote the finite element spaces corresponding to V and W,
respectively. The discrete approiximation to problem (2.11) then becomes: find u €
Vi, on € W, such that

(2.16) a(un, on;vh, qy) = (f, divg, + bTA™1q, + cv_:,)n 0
for all vy € Wy, g, € Wy,

Denote
(2.17) QP={KeTh : KcQ},

that is, QF consists of all elements K C Q;. Now we specify that the restrictions of
the finite element spaces Vj and W, on Q? consist of piecewise polynomials of degree
k and r, respectively. More specifically,
V(@) = {vn € C°() : vnlg = tulg € P(K) VK € Th, K C Qy,
va =0 on 9N and outside QF},
Wa(Q1) = {as € CO()" : (an)ilg = (@n);lg € Pr(K) VK € Th, K C
i=1,...,n, ¢y =0 on 9Q% and outside Qf} .

(2.18)

(2.19)

Then the solution up, o to (2.16) also satisfies

(2.20) a(un, o; vn, qs) = (£,divay + 6747 gy +cvn)
for all vy € V4(Q1), g5 € Wi(€Q41). Using (2.15), (2.20) and the inclusions V4 () C
V(Qy), Wi(21) C W(;) we derive the following “interior” orthogonality property

(2.21) a(u—up,0 —0oh;vh,q,) =0 forall vy € Vi(), g € Wi(51) .

Remark. We use Dirichlet boundary conditions for problem (2.1)-(2.2) for clarity of
exposition. Since the definition of V}, (£2;) and W, () is not affected by the boundary
conditions, the theory presented in the next sections covers the general case. O

In [25] we specified certain conditions on the coefficients of the boundary-value
problem (see inequalities (2.4), (2.5), (2.7), and (2.10) in [25]). Here we require that
these inequalities are satisfied in the fixed subdomain €;. Under these conditions we
have the following coercivity estimate:

(2.22) C (111} g, + Nlall3rcaiv.curny) < (v, @5v,0)
forallv € V(Q), g € W(Q4). Moreover, taking into account the Friedrichs inequality

(2.23) llall @, < Cllglla@iv,cuny forall g€ W(i),
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we obtain a coercivity estimate in H-norm; i.e.

(2.24) C (IlE o, + llall} ,) < a(v, @5v,9)

where the constant C' depends only on the coefficients of equation (2.1) and the
Poincaré-Friedrichs ineqality constant for ;.

3. Error Estimates. In this section we present the main results. The proofs
are given in the next section.

First, we state the result for the case of equal polinomial degrees in the finite
element spaces V,(Q1) and Wp(Q4).

THEOREM 3.1. Let k =r and Q¢ CC 2, CC Q. The following estimates hold:

[lu — u.ﬁ||1’no + [l - !3".1‘3”1';3u <Ch (||u - Uh||1_n, + |l - C"r'a||1,n1)
(3.1) +C (Il = unll_y 0, + llo = onll_y 0,)
+ Ch* (l[ullyy0, + lollesra,)
b = wnllo g, + llr = @hllg,q, < Ch? (lu = wnll g, +llo = oll, )
(3.2) +C (llu=ull_y o, +llo = onll_y 0, )

k
+ CHH (Jlullyy 0, + llollgsq,) O

Note that the third terms on the right-hand sides of (3.1) and (3.2) are of optimal
order. Also, note that h and h?, respectively, appear in the first terms. Hence the
terms which involve negative norms will actually control the rate of convergence. Since
the error is measured in weaker norms, we expect to achieve optimal convergence rate
in g, especially when some care is taken of the singularities away from £2;.

In order to present the results for the case of differing polynomial degrees, let
uy € V, be such that

(3.3) (Agrad (u—u}),gradvs)g o + (c(u—un),cvn)yq =0 forall vy €V} .

Note that u} is similar to a Galerkin finite element projection.
THEOREM 3.2. Let k+ 1 =1 and Qo CC Q) CC Q. The following estimates
hold:

lu = wally g, < Ch (Jlu = wlly o, +llo.= ally 0, )
(3.4) +C (llu—unll_y 0, +llo = oall_1 0,)
+ CR* (llullys,0 + 1ollr.0,)
1w = unllo.q, < Ch (Il = unlly 0, +llo = oally o, )
(3.5) +C(||u—uh||._1,nl+||°'"°'h”_1,nl)
+ O (|l 0, +Nollirr 0,)

llo = @hlly q, < Ch2 (1[u = ually 0, + llu = uilly q,)
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+C (llu=unll_y q, +llu = w}ll_y o)
+C (hlo = aully g, +llo = anll_y q,)

+CW (llull,q, +lloll41.0,) -

(3.6)

Ifk+1=r,k>1, then
llu = wnll_y g, + llor = llo, 0, < Ch* (1w = unlly g, + llu — whlly 0,

+Ch (Jlu = unll_y g, +llu= w3y 0,)

(3.7) +C (llu = unll_g 0, +llo = all_y o)
+Chlo — ol
+CW* (llull g, +lll410,) - O

Again, we would like to emphasize that the error in the corresponding norms on
Qg is bounded by terms of optimal order plus the error in weaker norms on ;.

4. Error Analysis. Let ¢ € H*(2). Denote

(4.1) curlp = (B¢, 819) when Q C R?,
0 —83p  Oap
(4.2) curlp = dsp 0 —Oip when Q CR3.
—dap D1 0
For q = (q1,...,qn) € HY(Q)", v € H'(R) the following relations hold:
(4.3) div (pq) = gradyp - g+ ¢ divg
(4.4) curl (¢q) = ¢ curlg + curly q
(4.5) grad (pv) = v gradp + ¢ gradv
where

curl g = 81¢2 — 82q1 when Q C R?,
curl ¢ = (82q3 — 83q2, O3q1 — 0143, 0192 — B2q1) when Q CR?.

Throughout this section we shall use subdomains of ;. We assume that all
these subdomains have smooth boundaries. Recall that £ and r denote the element
polynomial degrees for u; and o, respectively.

LEMMA 4.1. LetGoCcCGCC Q. Ifk=r

g " ot = il <O (= nlly 6 + llor = all )
4.6
+C (llu=wll_yg+llo - onll_sg) -

Ifk+1l=rk>1,

lu = wll_y g, +llo = @ally,g, < C (B¥llu—unll, g +hllo = 7l q)
(47
+C (llu=unll_y 6 +llo = onll_y ) -
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Proof. For Gy CC G CC G let w be a cut-off function such that w € C§°(C~?),

w =1on Gy. Denote e = u—uy, e = 00 — oy, € = we, € = we. Consider the auxiliary
problem: find £ € V(G), n € W(G) such that

(4.8) a(§,mv,q) = (E’”)U,G +(F.q)p g

for all v € V(G), ¢ € W(G). The functions E and F will be specified later. Setting
v=¢€V(G), g=¢€€ W(G), and using (4.3)-(4.5),
a(é,m;€,€) = (curl A™'np, curl A_l("‘"e)o,c
+ (divy + T A7 g + c€, div (we) + bT A7 we + cwe),y ¢
+ (n+ Agrad§, A (we) + grad (we)), ¢
= (curl A~ n, curlw - (A_le))ﬂlc + (curl A~1n, wcurl A'le)G'G
+ (divy 4+ bT A7 g + €, w(dive + bT A7 e + ce))y 6
+ (divp+bTA"n 4+ c e gradw), ¢

+(n+ Agrad€,wA (e + Agrade))g o
+ (n+ Agrad €, egradw), ¢ -

Similarly, for £ = wé, 7 = wn,

a(g, 7;¢,€) = (wcurl A~1n, curl A_le)orc + (curlw - (A~ 'n), curl A_le)D'G
+ (w(divy + T A7 + c€),dive + b A7 e + ce), 4
+ (n-gradw,dive + BT A e + c€)o.g
+ (w(n+ Agradé, A e + grad &))o.c
+ (fgradw, e + Agrade), s -

Hence

(4.9) a(€,m;%,8) = a(€, ¢, €) + L(€,m; ¢, )

where

L(€,m;¢,€) = (curl A, curlw - (A7 1)) ¢ — ((curlw) A~ 'y, curl A7 Ve), o
+ (divy +bT A" n + c£, e - grad w)o.c
— (n-gradw,dive), ¢ — (n - gradw, bTA e+ c€)o.G
+ (n+ Agrad¢, egradw),
— (égradw, )y ¢ — (§gradw, Agrade), o
(4.10) = ((curlw)A~ curl A= 'n, €oc+ (A 'curl ((curlw)A™n), e)oc
4 ((divy + bT A7y + cf)grad w, €)o.
+ (grad (n - gradw), €)g ¢ — ((n - gradw) A™'b, €)g ¢
—((n - gradw)e,e)g ¢ + ((n + Agrad§)gradw, ¢) ¢
— (égradw, €), ¢ + (div (A gradw,€),
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Integration by parts and the fact that w € C§°(G) were used at the last step.

First, we consider the case ¥ = ». The following a priori estimate for problem
(4.8) holds:

(4.11) el 6 + il 6 < € (1Mo, + 1Fllo.q) -

Let é} and 7; be the standard interpolants of E and 77. Taking into account the
orthogonality condition (2.21) and the bound (4.11),

a(,7e,e) = all — &, 7 —Tise,e)
(412) < Ch ([l + Il ) (el 6+ llell )
< Ch (IEllo.6+1IFllo.6) (llelly.c +lelly ) -
Furthermore, bounding the respective terms in (4.10) and again applying (4.11),
L(E,m¢,e) < Ch ([l g +Ilmllo) (llell-s.c+ llell-y.)

<C(IEllo 6 +11Fllo.6) (llell_1. +llell_s.6) -

Recalling w € C’g"((?}), Go CC G and w = 1 on Gy,

(4.13)

.||u o UhHo,Go < |w(u — Uh)”o,a
[(w(u—un), E)y gl
< sup
EELz(G) ||E||DIG

(4.14)

First, let E € L?(G) be arbitrary but fixed. Consider problem (4.8) with F = 0,
v=_¢, g=e. Then

(@(v = un), )y g = a(€,m;&,9)
< ClEllog (h (lellyc+llell ¢) +llell_y.q +llell_1.q) -

Hence the upper bound for [[u — usl|, ¢ in (4.15) follows from (4.9), (4.12), (4.13),
and (4.14).

(4.15)

Similarly,
(4.16) ||°'_°'h”0,cuf ||W[°'_0'h)||o,G
& e l(w(e —a4), F)o gl
" Fe L}(G)" ”FHD,G

Let F € L?(G)™ be arbitrary but fixed and consider problem (4.8) with E = 0. Then

(w(o —on), F)y g =all,m;€ €)

(4.17)
< ClIFllo g (b (llelly 6 + lelly ) +llell_y. 6+ llell_y o)

which completes the proof of estimate (4.6).
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Next, we consider the case k 4+ 1 =, k > 1. We have the a priori estimate

(4.18) Ills,c + Imlle, < € (1Bl 6+ 1Fllog) -

where the constant C' does not depend on E and F. Then following the same general
approach as before

a(€, ;6. €) = a(€ - &1,7 — T3¢, €)
(4.19) < C (llells g+ illo,g) (Allell 6+ Allell )
< Ch (Il 6+ I1Fllo,c) (llelly.c + bllelly ) -

Also,
| CEmed<on (Ills.6 + Imlly,c ) (llell_z. 6+ llell_y o)
<C (I1Ell6 +I1Flloc) (lell-s.c+lell-1.6) -
We have
o) = wnll_y g, < ol = un)ll_y
| . |(w( = un), E)o gl
S sup
E e HUI(G) ||E||1G

Let E € H}(G) be arbitrary but fixed. Using (4.8) with F = 0, (4.9), (4.19), and
(4.20), we obtain the estimate for |lu — unl[_; 5,. The estimate for ||o — osl[_; 5,
follows in the same way. This concludes the proof. ]

LEMMA 4.2. Let Go CC G CC Qy and k = r. Then

(4.22) +C (Ilu— unllo,g + ”"'_UﬁHO,G)

+ Ch* (lullegs 6+ 19 ls1,6)

lu = wnlly g, + llo = 7ally g, < Ch (llu = ually 6 + o = oally )

Proof. Denote g, = uy — up, €, = oy — o, where uy and o are the standard
interpolants of u and o. Define a projection operator R such that Rw € V,(G),
Rp € W4(G) for w € V(G), p € W(G), and

(4.23) a(w— Rw,p— Rp;vn,q,) =0 forall vy € Via(G),q, € Wi(G) .
Let £, = wep, €, = wep, where w € C?(é), w=1o0n Gy, Gy CC G cC G. Then
(4.24) lleally, g, < lIERlly ¢ < lIER — RERly ¢ + |IRER]|; ¢

and

(4.25) !|Eh111,co < ||Eh||1,G < ]|Eh - REP»'|1,G+ ||HEJ‘:||1,G :
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Taking into account the coercivity estimate (2.24) and using the projection property
(4.23),

[lEn — Rﬁllic + |len — R'éh”f,c < Cua(éh — REy, € — Ren; €y — REL, €, — Rep)
= Ca(éh — REx, €n — Ren;En — (En) . €n — (€n);)

(4.26)
< C (IEh = Rénlly 6 + I8 — Renlly )

% (I8 = @)yl + 18 = @)l )
For any element K C G,
8 — €Iy x < CH*llwenlliss,k

(4.27) < Chk”fk”k.;{
< Chllenll, & -

Similarly,
|len — (Eh)IHl,K < ChrHue-’iI[r-l-l,K

(4.28) < Ch|lenll, k
< Chllenll; g -

From (4.26), (4.27), and (4.28),
(420) (16 = REnlly g + s — Renlly g < Ch (llenlly 6 + llenll, ) -

Now we estimate the terms ||R€}4||, o and ||Res||, o We have

C (I1REI} 6 + IREHII} ¢) < a(REn, RE»; REn, Ren)
= a(Eh, €n; REx, Rep)
= a(en, en;wREL, ,wRe) + L(REL, Rép;en, en)
= a(en, en;wREL — (WREL),wRe, — (wRes);)
+ a(en, en; (WREL);, (WRer) )
+ L(REn, Ren;en, en)

(4.30)

Each of these terms can be bounded as follows: first, following the same reasoning as
in (4.27) and (4.28), we have

(4.31) llwREn — (WRER), I, o < ChIIREL|; ¢ »
(4.32) lwRes — (wRen),ll; g < Chl|Reéal; g -
Also,

(435) lwREn) [l ¢ < ll(wRER); — wREL|, g + llwRER]; 6
' < CllRélly 6 »

and, similarly,

(4.34) l(wRen)(ll,,c < [I1RElls 6 -
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Next, recalling the definition of €5 and ey,

a(ur — up, 01 — oh; (WREL), (WReR) )
(4.35) =a(u; —u,07 — 0; (WREY),, (WREy),)

< CH* (lully 1,6+ Iollesnc) (1RGN 6+ I1REAIl, ) -

Finally, for the last term in (4.30),

(4.36) L(REw, Rénien,en) < C (llenllog + llenllo.) (I1REMIIy.q + I REAll; ) -

Estimate (4.22) follows from (4.24)-(4.36). ]

Now we are ready to prove estimates (3.1) and (3.2).

Proof of Theorem 3.1. Let Qo CC G1 CC G2 CC 1. Applying (4.22) with Qg
and Gy, and (4.6) with G, and G5, we get (3.1). Applying Lemma 4.1 again, we get
(3.2). O

The analysis below concerns the case k41 = r. Recall that u}, is defined in (3.3).

LEMMA 4.3. Let Gy CC G CC Yy andk+1=r. Then

llo = @ally g, < € (Ilu = unllo,g + llu ~ uillo.g)

(4.37) +C (llo = anllo 6 + bllo = aally )
+Chlo|l,41 6

Proof. Denote e, = u} —up, ep = oy —oh. Let w € Cﬁ”(é), w = 1 on Gy,
Gy CC G CC G. Denote &, = wey,, €, = wey. Using the projection operator R
defined in (4.23) with w = &, p = €, we have

(4.38) llenlli g, < llenllyg < llen — Reénlly g+ IRenll; ¢ -

Analogously to (4.26),
(439) (18 — REuly 6 + 8 — Benlly 6 < C (188 — @)yl 6 + 18 — @n)illy )
where (-), means the standard interpolant. For any element K C G,

~ ~ k

En — () ll; x < Ch¥||wenllysr x
< Ch¥|lenlly &
< CHEJ‘IHU,K

which leads to
(4.40) ||En — (gh]JHlIG < ”E”{]G‘ :
Substituting the above estimate and (4.28) into (4.39),

e — R&nlly 6 < C (lluh = wallo, + hllor = olly )

(441) <G (llu = uilly,g+ llu — willoc)
+Chllo = oully 6+ CH [0l 41 6
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Using the coercivity property (2.24),

C (IRl 6 + 1REIE ) < a(REn, Ren; RE, Ren)
= a(&h, en; REy, Re
(4.42) (h, € " ”)~ o
= a(en, en;wREL, wREy) + L(REL, Reép;en, €p) ,

where (4.10) was used. For the second term on the right-hand side of (4.42) we have

L(Reh, Rensen,en) < C (llenllo g + llenllo,g) (1REly 6 + IIREIl )
< C (Jlu = uillo,g + lu = uallo
(4.43)
+lle = @allo.g + lloll 41,6)
x (IRl 6 + | REl, ) -

Define a projection operator S such that Sw € Vj(G) for w € V(G) and [NOTE: it
is enough to assume that w € H1(G) - check!]

(4.44) (Agrad (w — Sw),grad va)g g + (c(w — Sw), cvn)y ¢ =0
for all vy, € V4(G). Then

a(ep, en;wREL, wRey)
(4.45) = a(up — up, 01 — op;wRE, — S(WRE}L),wRep — (wReyp);)
+a(up — up, 01 — op; S(WREL), (WRE),) .

It is easy to see that
(4.46) lwReh — S(WREW)|; ¢ < ChIIRE, ¢ -
Then (4.46), (4.32), and integration by parts lead to
a(uh — up, 01 — oh;wREL — S(WREL),wRE) — (WRE),)
< C (Ilu; — uallo, + llor = olly )
(447)  x (IlwRE — S@REW)lly,g + lwRen — (@RER), I, )
< 0 (lu=vnll g + 11— il 6 + llo = onlly 6+ H 1l )

x b (|IREW, 6 + | REll, )

For the second term on the right-hand side of (4.45) we use the orthogonality property
(2.21). Then

a(uy — un, 01 — on; S(WREL), (WRen) )
=a(uy —u, 01 — 0; S(WRER), (wRen);)

<C (llu=willo +llo = a1lly6) (IS@RENIy 6 + I@RER), I, o)
<C (llu=villo g+ lloll,41,6) (IRE Il + 1RGNl G) -

(4.48)
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At the last step we used inequalities similar to (4.33) and (4.34). Combining (4.42),
(4.43), (4.45), (4.47), and (4.48),

|R&ll, ¢ < C (llu = tpllo,g + Ilu ~ v?illn.a)

(4.49) +C (Il = anllo.6 + hllo = oll )
+ O o 41, -

Hence the desired result follows from (4.38), (4.41), and (4.49). O
The next lemma concerns interior error estimates for the projection u;}, defined in
(3.3). The proof is given in the fundamental work of Nitsche and Schatz [20].
LEMMA 4.4. Let Go CC G CC Q. Then
llu = uillo,g, < Ch|lu—ujlly g + Cllu = u3ll_; 6
(4.50) o ’
+Ch** lullxy1,6 - -

Now we are ready to prove estimates (3.4)-(3.7).

Proof of Theorem 3.2. Estimates (3.4) and (3.5) follow in the same manner as
(3.1) and (3.2). It remains to prove (3.6) and (3.7).

Let G; and Gs be subdomains of ©; such that Q¢ CC G; CC Gy CC €.
Applying Lemma 4.3 for y and G,

lo = ol 0, < € (Il = unllo g, + Il = w3l g,)
(451) +C (llo = onllo,6, + hllo = anlly 6, )
+Ch o[, 41 q, -

Next, we use inequality (4.6) from Lemma 4.1 for G; and G»

lu=unllo.g, + llo = aallo g, < Ch (Ilu—willy g, + llo = aull, g,)

(4.52)
+C (Il = wnll_y g, + llo = nll_s,q,) -

Lemma 4.4 for G; and G5 leads to

(453)  lu=uillo.g, < CR?llu—ujlly g, + Cllu=uill_y g, + CHllull, g, -

From (4.51), (4.52), and (4.53),

|l — ah”],ng < Ch2||u — "f=||1,G2 + Ch?||u — u;”lez

+C (llu = unll_y 6, + e = will_y,,)
(4.54)

+C (hllo = aully 6, + llo = onll_y,6,)

+C (Il g, +loll41,6,) -

In order to obtain the desired estimate (3.6) we have to apply inequality (3.1) for G»
and  to the term |[u — ua||; g, in (4.54).



14

(4.55)
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Next, we use inequality (4.7) from Lemma 4.1 for g and Gy:

lu = unll_y 0, + [l = Fallgq, < C (Al = unlly g, + hllo — onll, g,)

+C (llu=wll_y.q, +llo = anll_y ,)

In order to bound the terms ||u — us||; 5 and |lo —o4l|; 5, inequalities (3.4) and
(3.6) for Gy and Q; are used. This concludes the proof of estimate (3.7). O
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