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ABSTRACT
In this article | analyze auctions with uncertain value, cooling-off
right in return to endogenously determined opting-out fee and
recursive winning procedure. | show that although bidding strategies
in these auctions are less aggressive compared to auction with
costless withdrawals (Asker, 2000), expected revenues are usually
higher. In addition | show that these auctions are spurious-bidding
robust and almost shill-bidding robust.
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1. INTRODUCTION
The Latin caveat emptor doctrine stipulated that buyer’s obligations and

commitments are binding and irreversible, except in cases of fraud. This doctrine was
not generally accepted even in ancient eras’, since even fully rational agent may regret
when the real value of the item is state-dependent and revealed post-factum?. Modern
legislation in many countries allows parties to certain types of contracts to withdraw
from their liabilities after signing the contract within a specified period®. The
withdrawal right has many names in various legal contexts; consumer’s withdrawal
right is known as cooling-off right. Nevertheless, most classical economic analyses of
auctions implicitly adopted the caveat emptor doctrine and assumed that bidding is
equivalent to writing a call option; the bidder undertakes to buy the auctioned item for
his bid (in case of winning) and withdrawals are either precluded or penalized. The
auctioneer’s call option expires, however, once a higher bid is submitted. It is usually
assumed that if the winner defaults the auction is canceled and default fee (if
imposed) is paid by the winner only.

In a pioneering research, Asker (2000) studied the effect of costless cooling-off
right in first price sealed-bid auctions with uncertain value, and showed that it raises
the auctioneer’s expected revenue if having obliged to buy the auctioned item under
the least desired contingency incurs negative utility to the winner.

Asker tested his model experimentally and found some support to his theoretical
predictions. Nevertheless, its fairness and applicability is questionable. Regarding
fairness, the replacement of the caveat emptor doctrine by a no less radical bona fide
doctrine which totally exempts buyers from any responsibility and burdens the entire
default risk on the seller could be justified as a device against fraud, but hardly when
the real value of the auctioned item is unknown in real time to the seller as well.
Regarding practical applicability, Asker’s analysis is based on the unrealistic
assumption of risk-neutrality. Indeed, the risk-neutrality assumption is indispensable
for analytic solvability of the model*, and having no choice | am going to use it too.

! See for example, Leviticus 25, 14-17.

2 Posterior regret due prior irrationality or myopia was recognized in ancient eras as the moral basis for
repentance and annulment of vows. See for example Jeremiah Ch. 3 Vs. 14, 22, and Ch. 31, Vs. 17, 21.
% See Asker (2000) for a brief survey.

* The effect of risk-aversion on contestants’ behavior is ambiguous. See for example, Hilmann and
Katz (1984), Hilmann and Samet (1987), Van Long & Vousde (1987), Skaperdas and Gan (1995),
Konrad & Schlesinger (1997), Corenes and Hartley (2003), (2010), Van Long (2013). The same
ambiguity applies also regarding the effect risk-aversion on bidding, unless certain types of utility



Nevertheless, it is crucial to be aware of the potential affect of risk-aversion on the
model’s equilibrium. For example, Asker’s radical bona fide attitude may deter risk-
averse sellers from using his auction apparatus. In addition, due to the introduction of
costless cooling-off right Asker’s model contains spurious asymmetric equilibria.
Based on theoretical speculations Asker conjectured that spurious equilibria are
implausible, but honestly reported observed spurious bids in some of his experiments.
These observations cannot so easily be discarded as curiosity based on Asker’s
theoretical speculations, because his laboratory experiments ignored real world
phenomena of collusion (e.g., bid-rigging and shill-bidding).

In this article | analyze an alternative auction model with uncertain value,
recursive winning procedure and cooling-off right in return to endogenously
determined opting-out fee. According to the Mishnah® this kind of auction was
practiced in the Temple of the Jerusalem for redemption of sacred items that no longer
could be used for ritual purposes. The Mishnah states:

If one said: ‘I will acquire it for ten dinars and another ‘[for] twenty’
and another ‘for thirty’ and another ‘for forty’ and another ‘for fifty’
and he [that bid] fifty recanted, they take pledges from his property up
to ten dinars. If he [that bid] forty recanted, they take pledges from his
possession up to ten dinars. If he [that bid] thirty recanted, they take
pledges from his possessions up to ten dinars. If he that bid twenty
recanted they take pledges from his possession up to ten dinars. If he
that bid ten recanted they sell [the asset] for what it is worth, and collect
what remains from him who bid ten°®.

The Mishnah rules that: (a) bidder’s liability does not expire at the submission of
a higher bid, implying that bidding means guaranteeing a minimum price for the
auctioned item; (b) The Mishnah establishes a recursive winning procedure. That is, if
the winner recants the auctioned item is offered to the next highest bidder, and the
withdrawer pays an opting-out fee to compensate for the auctioneer’s loss; (c) The
Mishnah rules that the opting-out fee is endogenously determined such that the total

receipts of the auctioneer equals the original winning bid.

function are assumed (Es6 & WhiteSource, 2004).

> The Mishnah (from the Hebrew mywin, “study by repetition”) is the earliest major written codex of the
Jewish Rabbinic “oral law” tradition, redacted by R. Yehuda HaNasi around 200 CE. The Talmud
(from the Hebrew =am%n “study”) contains collections of rabbinical traditions, mainly interpretations of
the Mishnah. The earlier version of the Talmud is the Jerusalem Talmud (or the Palestinian Talmud),
redacted around 400CE. The more prevailing version is the Babylonian Talmud, redacted around 500
CE. The Mishnah is written in Hebrew while both Talmudim are written in Aramaic.

® Mishnah, tractate Arakhin Ch. 8 §2.



The Talmud’ quotes R. Hisda’s ruling that this Mishnah applies to the case of
sequential withdrawals, but if bidders recant simultaneously “we divide it [the
compensation] among them.” Unfortunately, the Talmud did not define the terms
sequential and simultaneous withdrawals, did not explain why sequential and
simultaneous withdrawals should be treated differently®, and specified no sharing rule
for the case of simultaneous withdrawals. Medieval commentators of the Talmud
suggested 4 alternative sharing rules: Equal Award®, Proportional pro-rata
distribution®, Recursive Incremental Allocation (RI)** and the Talmud Rule (Aumann
& Maschler, 1985)*.

| suggest that R. Hisda’s distinction between sequential and simultaneous
withdrawal refers to extensive and normal (strategic) game-forms, respectively.
Sequential withdrawals relate to open ascending auctions while simultaneous
withdrawals relate to sealed-bid auctions. This interpreteation of the Talmudic ruling
is perhaps unorthodox, but it should be emphasized that while this study is inspired by
the Talmud it is definetly not a Talmudic research®.

The Talmudic auction model adresses both problems associated above with
Asker’s model. First, due to continuous bdder’s liability, recursive winning procedure
and endogenous opting-out fee, it is fairer because it divides the risk between all
bidders. On the one hand it assures the the item will be sold for the highest bid, while
on the other hand it spreads the posterior value uncertainty among all bidders who
collectively and endogenously determine their opting-out fees. These legal novelties
are particularly relevant for modern buisness environment characterized with
contingent posterior values, consumer’s remorse and winners’ defaults (e.g. auctions

of drilling concessions, confiscated assets etc.). Second, it can be hardly believed that

" Babylonian Talmud, tractate Arakhin 27b.

® The classical commentators of the Talmud also did not address this question, probably because it was
unpractical after the destruction of the Temple. For a peculiar explanation see R. Y. Abramski
commentary on the Tosefta, Chazon Yehezkel, (Ararkhin 4, 8).

° Maimonides, (Laws of matrimony Ch. 17 §8 and Laws of Arachin and Haramin Ch. 8 §4).

1R, Hananel (990-1053, quoted in Tosfot Kethuboth 93a, starting at Rabbe).

1 Rashi (bArachin 27b starting at Meshalshin), Rabad (Glosses on Rif Kethuboth 93a), Abraham Ibn-
Ezra, (Sefer Ha-Mispar, with German translation by M. Silberberg), Kaufmann Verlag, Frankfurt a. M.
(1895) pp. 57. This allocation corresponds to the Shapley (1953) value, see Littlechild & Owen (1973)
and O’neill (1982).

2 R. Gershom, (bArakhin 27b starting at Tania), see Lipschiitz & Schwarz (2015).

B Indeed, |1 am unaware of historical evidence for using sealed-bid auctions in ancient eras.
Neverhteless, there are plenty of indications that Talmudic Sages were familiar with the notions of
simultaneous moves and information sets. See for example bMegilah 9a, Rashbam on Baba-Batra 107b
(starting at ubedin), mSanhedrin (3, 6) and more.



an inferior or inefficient auction model could sustain in the Jerusalem Temple
thoughout centuries®, indicating that the Talmudic auction model is applicable.

As shown below, bidders in Talmudic open ascending auction with recursive
winning procedure and endogenous opting-out fee bid exactly as in a regular English
auction with certain value while bidders in Talmudic sealed-bid auction tend to bid
less aggresively then bidders in Asker’s auction with costless cooling-off right.
Nevertheless, usually, expected revneue in the Talmudic sealed-bid auction exceeds
expected revenues in both regular sealed-bid auction with no cooling-off right and
Asker’s auction. Finally, unlike Asker’s auction the Talmudic sealed-bid auction is
spurious bidding free and if the auction is suficiently competitive it is also shill-
bidding robust. In other words, as in Bulow and Klemperer (2002), a seller in a
Talmudic sealed-bid auction can even benefit from limiting the number of bidders.

The article proceeds as follows. Section 2 contains a brief survey of related
literature. Section 3 analyzes the benchmark models of auctions with no cooling-off
right. Section 4 reanalyzes the model of open ascending auction assuming costless
cooling-off right and presents Asker’s results regarding effect of costless withdrawals
on sealed bid auction. Section 5 analyzes Talmudic open ascending and sealed-bid
auctions equilibria. Section 6 compares expected revenues of various auction types.
Section 7 discusses the possibilities of spurious equilibria and shill-bidding in a
Talmudic sealed-bid auction. Section 8 concludes and summarizes. The proofs of all

propositions are relegated to the appendix (section 99).

2. RELATED LITERATURE
As mentioned above, the economic literature usually assumed that a bid is

binding unless a higher bid is submitted, and in case of default the auction is canceled
and a default penalty (if imposed) is paid by the withdrawer only. A notable
exceptional branch of this literature studied a special sort of consumer’s remorse in
common value auctions known as winner’s cours, overbidding due to exaggerated

optimism regarding the real value of the auctioned item®. The effect of contingent

! No doubt that the Second Temple was destructed in 70 CE. According to the rabbinic tradition it was
constructed in 350 BCE (Seder Olam Rabbah, Ch. 29), implying that it stood for 420 vyears.
Contemporary historians believe that it was constructed in 516 BCE, implying that it stood for 586
years (Goldwurm, 1982).

> For example, Bazerman and Samuelson (1983) explained that usually the estimate closest to the true
value of the auctioned item is either the average or the median, while the winning bid is, of course, the
highest, and the amount of overestimation often exceeds the difference between the winning bidder’s
estimate and his bid. See also Case (1979), Oren & Williams (1975), Rothkopf (1980), Winkler &



winner’s curse on bidders’ behavior has been studied theoretically and empirically,
and several potential anomalies associated with auctions have been attributed to the
winner’s curse effect'.

Many authors claimed that since the history of bidders’ drop-out in open English
auctions is common knowledge, winner’s course is expected in sealed-bid auctions
only. Defaults, however, occur in English auctions as well'” because winner’s curse is
one of six potential causes of winner’s default documented in the literature®,
indicating that the exposure of bidders to consumer’s remorse risk is not limited to
common value auctions and defaults are not necessarily related to winner’s course.
Bidding may be a win-win strategy for bidders on the edge of bankruptcy. If the
realized value of the auctioned object exceeds expectations, the bidder may be saved
from bankruptcy and make even a nice profit. Otherwise, the bidder goes bankrupt but
this was anyway expected®™. Moreover, in contract auctions bidders on the edge of
bankruptcy do not have to take the risks of the project into account and thus may be
incentivized to bid more competitively®. In certain types of auctions the bidder is
incentivized to submit multiple bids and withdraw a winning bid in order to buy the
auctioned item for his own lower bid*.

Two remedies were suggested in the literature for consumer’s remorse (especially
for winner’s curse), second-price sealed-bid auction? and weighted sum sealed-bid
auction®. However, as far as | know these suggestions remained theoretical exercises
and have never been applied in practice. Common remedies against consumer’s
remorse are mainly precautionary bidding strategies and cooling-off rights and the
common remedies for consumer’s remorse risk in regular market transactions are
seller’s reputation and warranties®. Stipulated damage payments for winner’s default,
(liquidated damage clauses) are the most commonly used hedges for sellers. Other

measures taken by sellers are performance bonds, third party guarantees, like letters of

Brooks (1980), Kagel & Levin (1986), Thaler (1988), Lind & Plott (1991) to mention only few.

'® E.g. upward sloping demand curve (Bulow & Klemperer, 2002), and the turn of winner’s curse to
“winner’s blessing” for bidders characterized by a DARA utility function (Esé & WhiteSource, 2004).
" Lamping (2007).

18 See for example Harstad & Rothkopf (1995), Zheng (2001), Calveras, Ganuza, & Hauk (2004).

19 Klemperer (2002), Borad (2007).

0 Zheng (2001), Klemperer (2002).

2 Rothkopf (1991).

22 \ickery (1961).

Z Riley (1988).

% Roberts (2011).



credit and surety bonds and, in certain auctions, ruling out “extreme” or “suspicious”
bids. However, liquidated damage clauses in common law states are limited to the ex-
ante expected damage which may be lower than the realized damage®.

Asker (2000) showed that under certain assumptions costless cooling-off right
increases expected revenues but as he indicated, the effect of costless cooling-off right
on bidders’ behavior has not been widely explored. In fact, Asker’s reference list
contains a single relevant item, von Ungern-Sternberg (1991), who studied contract
auctions in which the winner may consider withdrawal due to winning in another
(more attractive) contract auction where the winnings in the two auctions are
uncorrelated, and showed that if withdrawals are allowed, bidders may bid more
aggressively. Most studies have assumed that withdrawals are either costless or incur
an arbitrary predetermined fixed penalty which is burdened on the winning
withdrawer, and in case of withdrawal the auction is canceled®. Other studies applied
a mechanism design approach to determine the optimal penalty in case of contract
breach?, but usually these mechanisms are inapplicable by standard auctions format.

This article is related to Harstad and Rothkopf (1995) who studied a sealed-bid
auction with withdrawable bids in return for “compensation penalties,” where in case
of cooling-off the item is awarded to the subsequent bidder. They showed that on the
average the bid-taker is better off with this scheme than if withdrawals are not
allowed. They considered two compensation penalties schemes: (a) the difference
between the withdrawn bid and its subsequent one; (b) a predetermined fraction of the
withdrawn bid. The authors emphasized that the first penalty scheme is attractive in
theory but may not be practical. Bidders may prefer the second penalty scheme over a
withdrawal option for a penalty which is unknown at the bidding time. The Talmudic

auction model addresses this shortcoming, as shown below.

3. BENCHMARK AUCTIONS WITH NO COOLING-OFF RIGHT
3.1. Basic sett-up and Notation
Consider a set ~ of risk-neutral bidders competing in an auction over an item

which its posterior value for bidder ieN is state dependent. In state 1, with

probability (1—p), agent i evaluates the item by v, which is uniformly distributed

% Chillemi & Mezzetti (2014).
% E g. Waehrer (1995), Spulber (1990) and more.
27 Chillemi and Mezzetti (2014).



over a support normalized to [0,1]%. In state 2, with probability p, the value of the
item is z Vie N . The value of the item for the seller is assumed zero in all states.

Bidder i ’s bidding strategy in auction of type « is denoted by b” = 3 (v;), the bids’
vector by b* ={b”}’  and the values’ vector by v={v,}' . For convenience, b* and v

are arrayed in ascending order, namely b* <b”

1+1

and v, <v,,, implying that
b* =maxb® and v, =maxv. Following the literature since Vickery (1961), the analysis
is confined to symmetric equilibria.
3.2. Auctions with Certain Value

The best response strategy of bidder ieN in a regular open ascending English
auction with certain value, is to stay active as long as b" <v,. It follows that if the
current bid is b7, =v,, where v ,=maxv_, bidder n can win the auction with
certainty by bidding bt =b%, +¢&, (¢>0). Letting &£ — 0 implies,
(1) br =v_,.

Bidder i’s prior expected payoff function in a regular first price sealed-bid
auction with certain value is,
@ 2 =[v (6%)] 7 (v -5%), vien

where b = 5% (v;) and [V(b,SB)T_lzPr(blzmaxb) is bidder i’s winning

probability. Since the analysis is confined to symmetric equilibria, we may replace

V(biSB) by v, . Rationality constraint implies that bidder i e N is active in the auction
if and only if ﬂiSBZO. Assuming that the sole constraint imposed on bidders is
b>® >0 implies that this condition is fulfilled if and only if v. >v" =0.

Differentiating (2) with respect to b™® yields the first order condition:

SB
©) a?sg =(n-DV (v ~b®) -y =0, vieN.
1

b>® can be derived directly from (3), or indirectly using the envelope theorem,
which is the prevailing method in the literature and will be applied throughout this

article. By the envelope theorem, if b>® is the maximization variable and v, is a

% That is, the original Support [Vyin, Vinax] is Normalized to ["min"’min "ma""’min] =[0,1].

)
Ymax—VYmin Ymax~Vmin




varied parameter 7/ (v;) = v (bSB)] . Therefore,
(4) 72 (%) =72 (0)+ [ x" .

Since 7 (0)=0 by definition, equating (2) with (4) and solving for b* yields,
©) o =22y,

n

3.3. Auctions with Uncertain Value
Define bidder i’s prior expected payoff function in an open ascending English

auction with uncertain value and no cooling-off right,
(6) E(m )=(1-p)v; + pz-b/,

Bidder i’s best response is to stay active in the auction until E(z )=0. The
rationality constraint implies that bidder i is active in this auction if and only if

E(z')>0. This condition is satisfied for all z>0, and for z<0 if and only if

V. >V = “’Z . Thus,

(7) b =

(1-p)v,;+pz 0<zorz<Oandv, >%
0 otherwise.

Suppose that the current bid is b, , =(1—p)v,,+ pz. Bidder n can win with
certainty by bidding b’ , +¢. Letting £ — 0 implies,

(8) b {(1 p)V,,+pz O0<zorz<Oandv,,>&

Z 1y
0 otherwise.

Bidder i’s posterior expected payoff function in a first price sealed-bid auction

with uncertain value and no cooling-off right (conditional on winning) is
(9) E(V")=(1-p)v, +pz-b",

where b" =" (v,) is bidder i’s bidding strategy in this auction. The rationality
constraint implies that bidder i is active in this auction if either z>0 or v, >v; =% if
z<0. Bidder i’s prior expected payoff function is,
(10) E[7" (v)]= [ (b") ] 1[(1— p)v; + pz—h" |, vieN .

Solving for b'" using the indirect derivation method described above yields,
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(1-p)b* + pz 2>0
(11) b" =1(1-p)| b™ + L (—pzY +pz z<Oandy,>%.
1 1 nvinfl l— p 1 —p
0 otherwise.
Define A, , =b®-b' and Ayso g =b* -b".
Proposition 1:
a. Ahew 20V, 212

1

.[n(z—nass)]ﬁ
b. z<0andv, 25 =>A 20 p2——"— .
C v [n(z—nka)}a s

z

Verbally, Proposition 1 states that in auctions with no cooling-off right,
uncertainty regarding the value of the auctioned item generally decreases bidding.
4. AUCTIONS WITH COSTLESS COOLING-OFF RIGHT

With the introduction of costless cooling-off right, in state 2 the winner can
simply cool-off with no cost. Assuming that rational bidder will not spend time and
effort to submit a spurious bid just for the fun of cooling-off, implies that bidders’
behavior in an open ascending auction with costless cooling-off right is identical to
their behavior in a regular English auction. Namely, the winning price in this auction
is given by (1).

The expected payoff of bidder ieN in Asker (2000) sealed-bid auction with

costless cooling-off right is,

(12) E[ (v )]Z{[V (3")] [P -b%)+ plz-b%)] B <visz iy
0 otherwise

As indicated by Asker (2000), z must be the absolute lower bound of any bidding
strategy, since even if v, <z, the bidder is incentivized to bid at least z because in
case of winning the bidder’s payoff is strictly non-negative and any lower bid will be
bettered by other bidders. If v, >z and z<0 the winner will surely cool-off if state 2
eventuates, therefore all bidders may ignore this possibility and bid according to
Vickery (1961) equilibrium bidding function b* =b® =(22)v,. If z>0 then bidders

characterized by v, <z shall bid b* =2z, which is the lower bidding bound. The

problem facing bidders with v, >z, is isomorphic with the problem of bidders in an
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auction with a reserve price of z, implying that in this case b*=b%®+-2;. To

nvnfl

summarize, the equilibrium bidding function in Asker (2000) sealed-bid auction with

costless cooling-off right assuming no spurious equilibria is,

z Vv, <2
(13) b ={b® + ZH 0<z<y,
nv;
b 2<0

Define A =b* —b". Although Asker (2000) proved that Ay 20, allowing

b,
costless cooling-off is not necessarily the auctioneer’s dominant strategy, because
what matters for the auctioneer is not the effect of costless cooling-off right on
equilibrium bidding functions but its effect on expected revenues. (See section 6).
5. TALMUDIC AUCTIONS

The Talmudic auction law provides that: (a) bidding means guaranteeing a
minimum price for the auctioned item; (b) if the winner recants the auctioned item is
offered to the subsequent bidder, and the withdrawer pays an opting-out fee; (c) the
opting-out fee is endogenously determined. The Talmud also rules that if the bidders

withdraw sequentially the opting-out fee of withdrawer i is & =b —b.,, and if the

bidders withdraw simultaneously the auctioneer’s loss is burdened on all bidders
according to a certain sharing rule.

As mentioned in the introduction, | suggest that sequential withdrawals refer to
open ascending auctions and simultaneous withdrawals refer to sealed-bid auctions.
An open ascending auction corresponds to an extensive game-form with complete
information, because the history of biddings and withdrawals is common knowledge.

In particular, in an open ascending auction every bidder knows & =b —b_, exactly

and in real time (at the submission of b, ). Therefore, it seems fair enough to burden
8, on a withdrawer in an open ascending auction. A sealed-bid auction, on the other
hand, corresponds to a normal (strategic) game form with incomplete information. At
the submission of b, & is an unknown random variable from bidder i’s point of
view. Therefore, the fairness of burdening bidder i with the posterior realization of &,

in case of cooling-off is not self evident®.

2 A fairer approach would allocate the burden of compensation between the withdrawers’ set
according to a certain sharing rule which fairly weighs each withdrawer prior expected contribution to
the auctioneer’s loss. As mentioned above, medieval Talmudic scholars suggested four alternative
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5.1. Talmudic Open ascending Auction
Consider a set N of risk-neutral bidders in a Talmudic open ascending auction

with uncertain value, and denote bidder i’s bidding strategy in this auction by

b'™ = B (v;). According to the Talmudic law, if bidder n (the winner) cools-off, the

item is sold to bidder n—1 for b5 and bidder n pays an opting-out fee 5, =b/® —b]%,.
If bidder n—1 cools-off too, the item is sold to bidder n—2 and bidder n—1 pays
5., =ht —b'%, and so on. It follows that in a Talmudic open ascending auction, bidder

i may get the auctioned item either if b™ =maxb™ or if all higher bidders have

cooled-off. If a subset K = {J| j= k,...,n} of bidders recant and the auctioned item is

finally sold for t = max(0,b%,), the auctioneer’s loss is L =b]* —t and the opting-out
fees are,
TE i—1
(14) G
b'E—b'5 i>1.

The best response strategy of bidder i € N in a Talmudic open ascending auction
with recursive winning procedure, is to stay active in the auction as long as
E(z®)=(1-p)(v, —b")- ps, >0, implying that
14 b =v, - |8,

(19 =)

and it follows that,

(15) br-lrE =Voa— (ﬁj 5n—1 + é‘n :

Letting &, — 0 Vie N implies that,

(16) bf=b"=v_,.

Namely, the winning bid in a Talmudic open ascending auction with recursive
winning procedure and endogenous opting-out fee equals winning bid in a regular
English auction with uncertain value and costless cooling-off right. Intuitively, like
the costless cooling-off right, the Talmudic mechanism removes uncertainty and thus

restores the bidding strategy to its full certainty level. The significant difference

between the two auction mechanisms is in risk allocation and expected revenue. In a

sharing rules. The disputation between these scholars was focused on the question how to do this the
fairest way. See Lipschitz & Schwarz (2015).
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regular English auction with costless cooling-off right the auctioneer bears the entire
default risk, therefore expected revenue is lower. By splitting the risk between the
auctioneer and the bidders, the Talmudic auction mechanism manages to equalize the
auctioneer’s expected revenue with the auctioneer’s revenue in a regular English

auction with certain value (see section 6.1).

5.2. Talmudic Sealed Bid Auction
Consider a set N of risk-neutral bidders compete in a Talmudic first price sealed-

bid auction with uncertain value, and denote bidder i’s bidding strategy in this

auction by b" = A" (v;). Suppose that if a subset C< N of bidders cool-off, the

auctioned item is finally sold for t=max(0,b*) where bj®=maxb(;. and the

auctioneer’s loss is L=h° —t. Define K ={j|i eCandb®>b" = j eC}, as the set

of effective withdrawers namely, withdrawers who contributed positively to the
auctioneer’s loss. Suppose that R. Hisda’s ruling “we divide it [the compenation]
between them” refers to effective withdrawers only. That is, a withdrawer has to pay
opting-out fee if and only if his withdrawal is effective®.

Legally, distributing L fairly among the members of K is a problem of allocating

common liability among multiple toartfeasors. Mathematically, this is a dual

bankruptcy problem, B" =(K,L,g), where K is the effective withdrawers set,
L=b" —t is the auctioneer’s loss, g, =h'> —t is the maximum liability of withdrawer
ieK and ZieK g, > L. The collection of all dual bankruptcy problems is B. A
solution or sharing rule is a mapping ¢:B —R" satisfying 0< ¢ (B¥) < g, VieN
and ZieN (pi(BK)z L, and the set of all sharing rules is S. By definition, ¢ (B*)
increases monotonically with L, which increases monotonically with b’® and k .

The expected posterior payoff of bidder i e N in a Talmudic sealed-bid auction is,
(17) E(7*)=@-p)(v,~b™)-pmin(b* -z,E[ ¢ (8)]).

At first glance, the model seems insolvable because b’ is probably a function of

E[ ¢ (B*)] which is apparently a function of b . Proposition 2 provides a sufficient

® For example, suppose that N = {1,2,3} and bidders 1 and 3 recant. In this case K = {3}. The
withdrawal of bidder 1 is ineffective because the item is sold to bidder 2.
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condition for analytical solvability of b™ .

Proposition 2:
In a Talmudic sealed-bid auction, if z<b™ —E[¢ (BX)], VieK, VKN then:

(@) Instate2 C=K=N.

(b) E[(oi(BN)]z(n-i_l_[\r/]z(biTs)] 7 JbiTs, VieN, VpeS.

Proposition 2 establishes that if z is sufficiently small, then in state 2 all bidders
cool-off and bidder i’s expected opting-out fee is independent of the auctioneer’s
choice of sharing rule.

There are two alternative settings regarding withdrawals in this auction:

(@) the bids’ profile is published with the declaration of the winner. Under this
setting L, b and & are common knowledge when a bidder has to decide
whether to buy the auctioned item or cool-off.

(b) after the closure of the auction and the realization of the state, the winner is

announced and has to decide whether to buy the auctioned item for b’® or

cool-off. If the winner cools-off, the second highest bidder is announced
and required to make his decision and so on. Under this setting the bidder
makes a decision under uncertainty regarding L, b and &.

Proposition 3:
In subgame perfect equilibrium of a Talmudic sealed-bid auction, settings (a) and

(b) are strategically equivalent™.
Henceforth assume that z<b™-E[¢ (B)], vieK, YK N. By Proposition 2,

under this assumption t=0, and (17) can be rewritten as,

(19 £ () = (1 p) (v %) T

By definition, (pi(Bf‘i,O):O VieN, thus assuming that the sole constraint

imposed on bidders is b™ >0 Vie N implies that the rationality constraint for bidder

ieN is v, =0, Vie N . The prior expected payoff of bidder i e N in this auction is,

n2

(19)  E[="(Ww)]=[v (") @-p)(v-b")- p[“”‘[v )] ]brs, vieN

%! It should be emphasized that Proposition 3 refers to strategic equivalence only. From moral and legal
points of view, however, these two settings are substantially different.
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where [V (b7)]" =Pr(b™ =maxb™). Solving for b using the indirect method
described above yields,

TS (1_ p)n(n—l)vi” 32
20 bh"™ = )
(20) " [@-p)n®-p v+ p(n+D)

Figure 1 presents a simulation of b™ calibrated for v, =0.8.

Figure 1

Notice that in Figure 1 b™ is not monotonically increasing with n. The

implications of this feature of b™ are discussed in section 7.

Define Agrs o =b™ —h" . By (20) and (11)

(1~ p)b* + pz 2>0
n(n—l)(l— p)Vn 1 _pz n ~
21 ATS = L —<(1- bISB+_ _— + Pz Z<Oandvi2£
@) W [(1-p)n?-p v+ pln+1) (A=) v 1-p P p
0 otherwise

sgn(AblTs‘q,.) is generally indeterminate. Figure 2 presents 3D simulations of A

b,TS,bl”
calibrated for v, =0.8, z=-0.1 (the upper graph) and z=0.1 (the lower graph).
Figure 2

A
TS, il
(e %

2
Nt
N

e
L2
L7ALES
[
i',,z 107

n Il;// //"I 17

%2 Notice that, as expected, lim,,, b7S = bf and lim,_,, b7* = 0.
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Figure 2 demonstrates that as expected from the ambiguous impact of n on b',
for relatively small values of n and p, bidders in a Talmudic sealed-bid auction tend
to bid more aggressively compared with bidders in a regular sealed-bid auction with
uncertain prior value and no cooling-off right.

Similarly, define A - = b —b™ .

Proposition 4:

Ab.“,kf’* <0.

It should be emphasized that from the auctioneer’s point of view both Ars o and

A are irrelevant for comparisons of the Talmudic sealed-bid auction and Asker’s

QTS'bISA
auction, because what counts for the auctioneer is not equilibrium bidding strategies,
but expected revenues (See section 6).

6. EXPECTED REVENUES
The expected revenue of the auctioneer in auction of type « is given by,

(22) E(R*) = Zjl B (vi)[v(bf)]”*l av, .

6.1. Open Ascending Auctions
Inserting (1), (5), and (16) into (22) yields

E)_ TE _nfl L n-ly, _ sy~ (i n-1 iy,  N-=1
(23) E(R®)=E(R )_izzl:.[ovi-vi dv, =E(R )_gllj'o =i dvi_n_+1’

which is a well known result (Krishna, 2009). On the other hand, inserting (7)
into (22) yields,

n-1 n-1
1— - - - - >0
ooz )o"5 ) :
-1 n-1) 1(n-1)-pz Y )
S o (Bt £ s
(24 E(R)=|(1-p) nen) P Tl lmp) | T
0 otherwise
Define A ., =E(R®)-E(R').
Proposition 5:
Age g 20VZ <2

Table 1 summarizes this section.
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Table 1: Expected Revenues across Open-Ascending Auctions

1) (2) (3)
Open Ascending Auction with Uncertain = Relative All Other Types of
Value of z | Valueand Costless Cooling-Off Right  pMagnitude Open Ascending Auctions
z<0 0 < n—1
and % >1 n+1
z<0 n-1 n=1\  1/n-1\/—pn\" n—1
and 22 1| -2 () +ee|(5) 36065 s
1-p
n-1 n-1 * n—1
z=>0 (l—p)(m)+p(7)z < T

Notes: "For z < ——.
6.2. Sealed-Bid Auctions
By inserting (11) into (22) we obtain that the expected revenue in a regular
sealed-bid auction with uncertain value and no cooling-off right is,

I NN
(25  E(R')= - p)([_p;jn (prj
pz+(1- p)(l—z)(:—i”nJ pers

Inserting (13) into (22) yields the expected auctioneer’s revenue in Asker’s

sealed-bid auction with costless cooling-off right,

n-1
- i3) 2<0
(26) E(R™)=|pz+(1- p)(l—z)(n—_1+z”j 0<z<1
n+1
pz 1<z

Asker (2000) proved that A .. ., =E(R*)-E(R")>0<2<0.

Inserting (20) into (22) yields the expected revenue of the auctioneer in a

Talmudic sealed-bid auction,

n*(n-1(1- p)[p(n +1)°H, +(2-3p)n? - p(2n+3)]
2(n+D[ p-(1-p)n* |

(27) E(R™)=

where H, = hypergeom([l,ﬁ],[g—j],’“&i—{f;") is the corresponding hypergeometric

function. Notice that E(R™)|,,, =2 and E(R™)|,,=0.

n+l

Define A ., =E(R™)-E(R").

R“

Proposition 6:
Vz<ptIn=A ., 20Vn>n.

The shaded area in Figure 3 contains combinations of z and n satisfying
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>0 assuming p=0.2.
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Figure

3

Define Ay o = E(R®)-E(R%).

Proposition 7:

Vz<0and Vze [1%] and {

2p-1
0<

£-<7<1 p<
p
1< p>

1
2

1
2

’ Hﬂ = ARTS

RSA

>0VvVn>n.

The shaded area in Figure 4 contains combinations of n and z satisfying

A

>0 assuming p=0.2.

RTS ,RSA
Figure 4
-1 0.5 0 0.5 1
Z
Table 2 summarizes this section.
- - *
Table 2: Expected Revenues across Sealed-Bid Auctions
(€} 2 ®) @) (6)
z Regular Auction Relative Asker’s Relative Talmudic
No cooling-off Magnitude Auction Magnitude Auction
n
_pz
P [1 R (1_p) ] ’ +1 2(n-1)1-p) p(n+1)2H

i B n _ n2(m-1)(1-p 0 [***

r<o Ja-n(E)-)7] < a-»(5) < el -3 pene)

-pz vz
+1-p) () (1+ )

_ - n%(n-1)(1-p) p(n+1)2H e

z=0 [(1-p) (:—,j) = (1-p) (:—i) < 2t Dlp-Gpyn?] (-3 p(en+3)
-1 rz + . n?(n-1)(1-p) p(+1)2Hy  |o*

z€(01] (1-p) (m) trz g A-pA-2 (Z—: + z") = 24 0)[p-(-pn?]” [+ (2=3pIn’ +p(2n+3)
- — _n?ena-p) [ p(DPHo

1<z |[(1-p) (Z—Jri) +pz > pz = 2 )[p-(-pyn2|?|+(2-3p)n?+p(2n+3)

Fkkk,

(see Proposition 6).

Notes: "Columns (1)-(3) were taken from Asker (2000). “For n>n. ""H, = Hypergeom ([1&] ["—“],“1"”"2*”).

n-1. p(n+1)

Similar result was obtained regarding the comparison of Talmudic auction with regular auction with no cooling-off right
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7. SPURIOUS AND SHILL BIDDING ROBUSTNESS OF TALMUDIC AUCTIONS
Although our analysis is confined to symmetric equilibria, Asker (2000) indicated

that in addition to (13), in some cases (particularly when v, <z Vi e N ) there exists an

additional asymmetric spurious pure Nash equilibrium in his model of the form,

(28) b'SAE{E)ZjE;oo) :j\ll\% it

Asker raised several arguments against the plausibility of spurious equilibria. In a
nutshell, Asker argued that rational agents would not spend time and exert fruitless
efforts to submit spurious hopeless bids ensuring that no transaction will take place,
and conjectured that non-spurious equilibria

. might form the limit of the case where a fee is attached to the
exercise of the cooling-off right ... If we consider an epsilon (small) fee
attached to the cooling-off right and then reduce this fee toward zero,
the hedging behavior of the bidder against this fee will become
insignificant and strategies will approach the non-spurious equilibria.
However, such a fee will always remove any spurious bids from the
best response set.

Nevertheless, Asker honestly reported that “spurious bidding behavior was
observed in some of the auctions with cooling-off” [p. 599], but emphasized that “out
of 180 bids collected from auctions with cooling-off, only five were spurious in the
sense of inviting automatic cooling-off regardless of the state of the world that arose”.
Asker indicated that similar results have been observed in other experimental studies
and argued that “[T]hese spurious bids can be seen as positive signals that people
were aware of the structure of the bidding problem and had a feel for the equilibrium
strategies and consequent payoffs” and that these spurious bids conform “exactly to
asymmetric Bayesian Nash equilibrium in pure strategies”.

Proposition 8:
Spurious bidding is incompatible with subgame-perfect Nash equilibrium in the

Talmudic sealed-bid auction.

When bidding functions monotonically increase in n the auctioneer may benefit
from inflating n artificially using phony bidders, a technique known as shill-bidding.
That is, the auctioneer reports that n=n+s bids have been submitted, while the true
number of sincere bids is n only. Suppose that the cost of misreporting the true value
of n is zero (as is, for example, in online auctions), and that the uninformed sincere

bidder naively believes that n=n. Denote the bidding function of the uninformed

naive bidder in auction of type & under shill-bidding by b*. Inserting f into (5), (11)
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and (13), and taking their limits with respect to s yields,

limb*® =v,

(I-p)v,+pz 220
(29) limb" =< undefined z<0andv, > 2

S0 ~1-p
0 otherwise
v, z<0
limb* =4z 0<z<v,
1 1

S

undefined  otherwise.

That is, if shill-bidding is costless for the auctioneer, then in certain cases the
auctioneer may benefit from inflating f artificially, driving b*®, b" and b* up to
their limit. Assuming that the real value of the auctioned item for a shill-bidder is 0
(otherwise he would submit a sincere bid), implies that a shill-bidder is expected to
withdraw any positive bid if (say, by accident), it wins the auction. Therefore, every
shill bid is a spurious bid by definition, implying that if withdrawals are costless, once
the no-collusion assumption is relaxed Asker’s theoretical speculations are

insufficient to discard spurious equilibria. However, if shill-bidding involves
payments to shill-bidders, driving b™, b" and b* up to their limit may be expensive

because it requires masses of colluders (s — ).

A

Regarding Talmudic sealed-bid auction, inserting i into (20) and taking the limit
of b’ with respect to s yields
(30) lim b™ =0, v, vpe(0,1),
as can be seen in Figure 1. Nevertheless, (30) is insufficient to conclude that the
Talmudic sealed-bid auction is totally shill-bidding robust. First, differentiating b'™
with respect to s yields,
o[ (n+5 ~1)(n+)In(v)+(s+D(2n+s)]

an" +(n+5)*(1-p)vMstenz-1
os [(n+s)2(1— p)vIt 4 p(n+s+1)]2

(1 _ p ) V_n+S

(31)

sgn(ab'™ /as) is generally indeterminate. Nevertheless, it can be verified that for
sufficiently small p and n, and large v,, (éb™/as)_, >0. Figure 5 simulates b"

calibrated for n=5, p=0.2 and v, =0.9 and shows that b™ is concave. That is, the

marginal benefit of shill-bidding is diminishing.
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Figure 5

0.78
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0.74
i 072

0.70

5

Second, shill-bidding is aimed at raising E(R“), not bs. This distinction is

crucially important in auctions with cooling-off right, because on the one hand shill-

bidding may drive b“ up, but on the other hand under shill-bidding more sincere

bidders are incentivized to cool-off if state 2 eventuates.

The auctioneer’s expected revenue in Asker’s auction with shill bidding is,

(32) E(R*) =

(1-p)n(n+s-1)

(n+3)(n+D) 7<0
n(z-1)(1- p)z"+5+ 1 {n(Zp—l)(Zz—l)(nJrs) 0<7<1.
(n+s)(s-=1)  (n+s)(n+1)| +n(p+z-1)+2pzs
pz z>1

Define A o = E(R%)-E(R%).

Proposition 9:

: BA W >0Vz<0and vz>1.

b. 37" €[0,1) such that A n 20 VZ < z".

- * _1
c. limA., .>20=>72 =(+1".
S—o0 R™.R

The shaded area in Figure 6 contains combinations of z and s satisfying

Agsa g 20 @ssuming n=5 and p=0.2.

Figure 6
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Apparently, the expected revenue of the auctioneer in a Talmudic sealed-bid

auction with shill-bidding is

O e o o

p n+s+1/\2n+s

where H§=Hy|0ergeom([1 e R ) However, since under shill-

7 n+s-1 n+s-1 p(n-+s+1)

bidding E[ ¢ (B")]=-LE(0™) but only sincere withdrawers pay opting-out fee, the

auctioneer’s expected revenue in state 2 is (:%)E(R™). It follows that the

auctioneer’s expected revenue in a sealed-bid Talmudic auction with shill-bidding is,

2 (aT8) n sy [n+s(1-p)n(1-p)(n+s-DH;
@4 ER )_[(l—p)+p(n—+sﬂE(R )= (2n+s)p(n+s+1) '

Figure 7 presents a simulation of E(R™) calibrated for n=5and p=0.2, and

demonstrates that E(R™) is concave and under this calibration s"=1 (recall that s
must be an integer).

Figure 7

0.587
0.586
0.585
0.584

E(&") 0.583

0.581
0.580

0.579

0 | 2 3
Define A . = E(R™)-E(R™).

Proposition 10:
Vs >0 3n such that Agrs 15 < 0,vn>n.

Proposition 10 establishes that if the auction is adequately competitive, (n is
sufficiently large), the Talmudic sealed-bid auction is shill-bidding robust.
The shaded area in Figure 8 contains combinations of n and s satisfying

A >0 assuming p=0.2.

éTS RTS
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Figure 8

8. SUMMARY AND DISCUSSION
In this article I analyzed an ancient auction model with uncertain posterior value

and cooling-off right in return to endogenously determined opting-out fee, suggested
in the Talmud. The Talmudic auction law introduced two novelties: (a) Continuance
commitment. Bidder’s liability does not expire at the submission of a higher bid,
implying that a bid is a minimum price guarantee; (b) Recursive winning procedure. If
the winner recants the auctioned item is offered to the subsequent bidder and the
withdrawer pays an endogenously determined opting-out fee. The Talmudic law
distinguished between sequential and simultaneous withdrawals, and ruled that in
case of sequential cooling-off the withdrawer’s opting-out fee equals to the difference
between his bid and the subsequent bid, and in case of simultaneous withdrawals the
seller’s loss is distributed among all withdrawers. According to my (perhaps
unorthodox) interpretation to this law, sequential withdrawals refer to open ascending
auctions and simultaneous withdrawals refer to sealed-bid auctions.

In a regular English auction with uncertain posterior value and no cooling-off
right, the entire risk is burdened on the winning bidder. The introduction of costless
cooling-off right transfers the risk entirely to the seller. The Talmudic open auction
mechanism removes uncertainty, redistributes the risk between the seller and the
bidders and restores the equilibrium of English auction with certain value.

In a Talmudic sealed-bid auction, the loss of the seller in case of withdrawals is
burdened on all effective withdrawers. The Talmudic law mentioned no specific
sharing rule, and its classical commentators differed regarding the appropriate
distribution scheme. However, the specification of the sharing rule has no effect on
bidding and expected revenue. In a Talmudic sealed-bid auction equilibrium bids are
lower compared with Asker’s costless cooling-of right model equilibrium bids, but

expected revenue is usually higher. Contrary to Asker’s model, the Talmudic sealed-
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bid auction model is spurious bidding free, and if the auction is sufficiently
competitive it is also shill-bidding robust.

The analysis was based on the prevailing assumption of risk-neutrality which is,
of course, not very realistic but necessary to enable analytic solvability. While in
many cases the direction and even the magnitude of the consequent bias can be
estimated, this case, unfortunately, is different. The extent and the direction of risk-
aversion influence on bidding are unknown. Apparently, a progress in our knowledge
about the influence of risk-aversion on behavior in contests and auctions can be
achieved through experiments only.

Another common assumption that | used is that the probability of state 2 is
exogenously given, identical to all bidders and common knowledge. An interesting
further research direction might be the influence informational asymmetry.

Last but not least, although the bidding strategy in Talmudic sealed-bid auction is
indifferent to the sharing rule specification, from social and moral points of view the
choice of a sharing rule is absolutely not an unimportant question. The normative
characteristics of sharing rules were extensively studied in the economic literature®,
implying that the choice of a sharing rule reflects the norms and the prevailing social

and legal philosophies of a society*.

9. APPENDIX
Proof of Proposition 1:
From (1) and (7) we obtain that,

(A1) A

_{p(vi—z) 0<zorz<Oandv,>%
bf

—p
V. otherwise.

Part a of the proposition stems directly from (Al). Similarly, from (5) and (11)

(I

n-1 1-p\(=pzY _Z
(A2) Ab,SB,b,” = p[[TjVI - Z}_(nvrlj[ﬁ) z<0 and Vi > %

(n—_ljvi otherwise
n

we obtain that,

implying that if z>0 then A, >0 if and only if v, >(:%)z, and if z<0 and

% For a survey see for example Thomson, (2003) and Moulin (2004).
% For an interdisciplinary analysis of sharing rule see Lipschiitz & Schwarz (2015).
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1
V. [n(z—nbe)]E
v, > 7 then A, 20 if and only if p>———— . Since z>nb® is very

MECS

z

unlikely, it follows that even if z<0 and v, > % usually A

> , >0.m

biSB vbil

Proof of Proposition 2:
Bidder i’s loss from buying the auctioned item in state 2 is b™-z, and

E[p(B*)] from cooling-off (conditional that |Kl=k). Thus, if
2<b® -E[¢ (B¥)], vieK, VKN, then in state 2 C=K =N, implying that t=0 and
Elo(B")]=2E(b]).

E(b®) is given by,

(A3)  E(b)=Pr(b” =maxb™ )b” +Pr(b"™ < max bTS)E(Io,{S

b < max bTS) :
Recall that Pr(b™ = maxb™)= [V (b™ )]n_l. Using the “German Tank Problem”

technique we estimate that E (b°[b[® < maxb™) = (22)b' . It follows that,

n-1
n+l—|:V(bITS):| }bTS YVieN V(DES

(A4) E(b?){

n

implying that E[ ¢, (B") |=1E(b®) (M)tﬂs VieN, VpeS. m

Proof of Proposition 3:
Under both assumptions at the bidding stage bidder ie N knows only his own

bid, b"™, but neither 5 nor L. Since by Proposition 2, the expected opting-out fee is
indiferent to the sharing rule, it follows that both setting are strategically equivalent in
subgame-perfect equilibrium. m

Proof of Proposition 4:
From (20) and (13) we obtain,

v, <1z
(A5) Aps pon = (1—2p)n(n—11)vi - (n—l vV, + Zn_l 0O<z<v
T8 [(A-p)n®-p v+ p(n+1) n nv!
(n; vV, 2<0
n

And the proposition stems directly from (A5). m

Proof of Proposition 5:
From (23) and (24) we obtain.
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n—-(n+1)z
| —+— >0
p(n )[ S(hD } z
p(n-1 -pz Y .
n_—l otherwise
n+1

and the proposition stems directly from (A6).m

Proof of Proposition 6:
From (25) and (27) we obtain by definition,

A :nz(n—l)(l—p)[p(n+1)2H0+(2—3p)n2—p(2n+3)}
ROR 2(n+1)[p—(1— p)nz]2

(A7) p{l_(ﬁﬂm_ p)(;]:)[l_(l_—p;ﬂ <0
‘ oo (-2
pz+(1- p)(l—Z)(z—j+z”j 0<z<1

For n>1 A_. ., is continuous with respect to n. Taking the limit of A_; . with

respect to n yields,

p(l-z) z<1

(A8) limA =
1-pz z>1

i 5 - .

rl]mARTS,R” >0Vz<p™, thus by continuity vVz< p™ 3n= Ags @ 20VN>n. m

Proof of Proposition 7:
From (26) and (27) we obtain by definition,

n?(n-1)(1-p)| p(n+D°H,+(2-3p)n*—p(2n+3) |

A TS pSA
R 2(n+D[ p-(1-p)n?]
n-1
(A9) (1- p)(m) z<0
— | pz+(1- )(1—2)(”—_1+z”j 0<z<1
P P n+1 a
pz 1<z

For n>1 A_. .« is continuous with respect of n. Taking the limit of A .. with

respect to n yields,

p z<0
(A10) !i_r)w;ARTS’RSA ={p+(1-2p)z 0<z<1
1-pz z>1
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k=

——<z<1

1
By (A10) limA . o >0 Vz<0and vz e[l,ﬂ and { p-1 i implying by
2

continuity that for these values of z, In=A . >0Vn>n. =

Proof of Proposition 8:
By definition, spurious bids are expected to be withdrawn in any state. Obviously,

if state 1 eventuates the compensation is burdened on spurious bidders only (sincere

bidders have no reason to cool-off in state 1). However, this is true also in state 2
because under spurious bidding E[ ¢ (B¥)]>b™ —z, VieK, YK <N, implying that
in this case a sincere bidder will not cool-off and the seller’s compensation is
burdened on spurious bidders only. It follows that in the Talmudic sealed-bid auction,

spurious bidding is incompatible with subgame-perfect Nash equilibrium. m

Proof of Proposition 9:
Subtracting (26) from (32) yields,

S z<0
. 1-p (1—z)[(s—l)(s—(n+s)(n+1)z“)—n(n+1)z”*s1
(A11) Agor o0 = DT s) oD 0<z<1
0 z>1

Clearly, A.. >0 for all z<0 and z>1, and it also can be verified that

0.

<7

37" €[0,1) such that A ..

Taking the limit of (A11) with respect to s yields,

1 z2<0
. 1-p n
(A12) !L@AQSAVRSAz(mj (z-D[z"(n+1)-1] 0<z<1
z>1

implying that imA,., . >0=7 =(n+1)".m

Proof of Proposition 10:
Taking the limits of H; and H, with respect to n yields limH;=0 and

limH, =1, implying that limA . =-1. Thus, by the continuity of A . it follows

RTS

that s >0 3n such that Ags s <0,VN>N . m
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