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Abstract

In this paper we show that normed structures which can be axiomatized in positive bounded
logic (in the sense of Henson and Iovino) admit proof-theoretic metatheorems (as developed by
the 2nd author since 2005) on the extractability of explicit uniform bounds from proofs in the
respective theories. We apply this to design such metatheorems for abstract Banach lattices, LP-
and C(K)-spaces as well as bands in L?(L?)-Bochner spaces. We also show that a proof-theoretic
uniform boundedness principle can serve in many ways as a substitute for the model-theoretic use
of ultrapowers of Banach spaces.
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1. Introduction

During the last decade, proof-theoretic results (so-called logical metatheorems due to the 2nd
author) have been developed which allow one to extract finitary computational content in the
form of explicit uniform bounds from prima facie noneffective proofs in abstract nonlinear analysis
(see [29] and the subsequent extensions in [16] and [31] as well as [34], B3], 25 B2] B5] for some
recent applications). ‘Abstract’ here refers to the fact that the proofs analyzed concern general
classes of metric structures X (in addition to concrete structures such as R or C[0, 1] whose proof-
theoretic treatment is covered already by e.g. [28]). As the proof-theoretic methods used in this
context are based on extensions and variants of Godel’s functional (‘Dialectica’) interpretation, the
basic condition on the classes of structures to be admissible is that they can be axiomatized by
axioms having a (simple) computable solution of their (monotone) functional interpretation (given
enrichments by suitable moduli e.g. of uniform convexity, uniform smoothness etc.). Structures
treated so far include metric and normed spaces and their completions, WW-hyperbolic spaces and
CAT(0)-spaces, uniformly convex normed and hyperbolic spaces, uniformly smooth spaces, compact
metric spaces. Notably absent in this list are the classes of smooth (but in general not uniformly
smooth) or strictly convex (but in general not uniformly convex), separable (but in general not
boundedly compact and hence not finite dimensional) normed spaces, incomplete metric spaces etc.
These are classes of structures which are not closed under taking ultrapowers (w.r.t. a nonprincipal
ultrafilter) of a normed (or metric) structure, since e.g. an ultrapower of a Banach space X is strictly
convex iff X is uniformly convex. This already indicates a first point of connection between the
proof-theoretic approach to metric and normed structures and the model theory of such structures
as developed in the framework of continuous logic (due to [10], adapted by [6]) or positive bounded
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logic ([19]).

The proof-theoretic metatheorems referred to above and adapted to new classes of spaces in this
paper, have the form to guarantee the extractability of explicit uniform effective bounds from
proofs of large classes of statements provided that the proof can be formalized in a suitable formal
framework (the permitted frameworks are so strong that this is no restriction in practice). The
complexity and - in particular - the growth of the extracted bound reflect the computational content
of the given proof. The metatheorems are applied via specialized formats adapted to the concrete
situation at hand (see Corollaries 17.54, 17.55, 17.59, 17.70, 17.71 in [31]). E.g. we may have
some iterative procedure (z,,) (e.g. the Krasnoselski, Mann, Ishikawa, Halpern or Bruck iteration)
based on a map T : X — X starting from some zy € X is considered for which either asymptotic
regularity results of the form ||z, — T'(z,)|| — 0 or strong convergence results for (z,) can be
proven. Then the metatheorems can be applied to extract rates of asymptotic regularity resp. of
metastability in the sense of T. Tao which, as far as xg, X,T are concerned, only depend on a
bound N 3 b > ||lzol, |[zo — T'(x0)|| and some so-called majorant T* for T. In the important case
(both in fixed point theory as well as ergodic theory) where T is nonexpansive, T can be defined
as T*(n) := n+ 3b (see [31], p. 419). This approach has been applied to fixed point theory, ergodic
theory, topological dynamics, geodesic geometry, convex optimization, image recovery problems and
abstract Cauchy problems in more than 50 papers during the last decade. A survey of applications
up to 2008 can be found in [3I]. For some more recent applications of logical metatheorems (and
related techniques) see e.g. [2, [ [34) [33] [32] [35].

Let us now come to a second point of connection between the proof-theoretic approach to metric
and normed structures and positive bounded logic, namely the treatment of extensionality: in the
proof-theoretic framework metric structures X are treated as pseudo-metric spaces with a defined
equality relation x =x y := dx(z,y) =r 0. To state then that e.g. f: X — X is a selfmap of a
metric space X means to state the extensionality of f w.r.t. =x

r=xy— f(r)=x f(y)

which must not be included as a general axiom for all f of ‘type’ X — X to hold (see the discussion
in [29] on the collapse of the proof-theoretic metatheorems in the presence of such an axiom). The
issue is that the proof-theoretic method, which extracts uniform quantitative bounds from proofs,
would automatically translate such an axiom into the uniform quantitative form of extensionality,
i.e. uniform continuity on bounded subsets. One possible solution to this is to assume (in the
case of bounded metric structures) as an axiom that all the functions considered are uniformly
continuous (or even Lipschitzian) with given moduli of uniform continuity which is what is done
in the model-theoretic framework (see [I9]). This scenario is also the most comfortable one in
the proof-theoretic context where the latter, however, also allows for a less radical solution by
weakening the extensionality axiom to a (permitted) rule of extensionality:

from a proof of s =x ¢ infer that f(s) =x f(t),

which does not seem to have a natural model-theoretic counterpart.

Related to this extensionality issue is the treatment of relations R (say for simplicity binary ones):
if one adds a new constant xpg for its characteristic function to the formal system, then - again
- we are only allowed to use the rule of extensionality. This problem is circumvented when xgr
can be extended to a uniformly continuous real-valued function. A prime example for this in the
model-theoretic approach is the relation x < y in a Banach lattice which can be expressed in a
uniformly continuous way as z Uy =x y using the supremum operation LI (see below). Here again,
continuous logic (or positive bounded logic) solves the extensionality problem by taking the radical
approach of demanding things to be expressed in continuous real-valued terms whereas in proof
theory we can also follow this line but are not obliged to (using instead an extensionality rule).



The proof-theoretic approach is particularly simple if one only deals with bounded metric structures
X asis done in [29], where, however, also normed spaces are included (but mainly via norm-bounded
balls). This is due to the fact that one can use a trivial notion of majorizability - which is the key
concept for keeping track of uniform boundedness relations throughout a given proof - for objects
in X, maps X — X etc. Nevertheless, things can be adapted to unbounded metric structure as
is done in [16], where one then uses a ternary majorizability relation relative to a reference point
a € X (which in the case of normed spaces is always taken to be a zero vector). Much of the
model theory for metric and normed structures relies on boundedness restrictions right from the
beginning and continuous logic has been adapted to unbounded metric structures only in [5].
While the proof-theoretic framework, which is not restricted to uniformly continuous functions, can
deal with classes of functions and metric structures which are not included in the present set-up of
positive bounded and continuous logic, we show in this paper that, conversely, all structures which
have an axiomatization in positive bounded logic admit proof-theoretic metatheorems tailored at
the respective structures. We exemplify this first by treating abstract (real) LP-spaces and abstract
spaces C(K) (of continuous real-valued functions on an abstract compact space K) which are model-
theoretically particularly well-studied but have not yet been considered from the proof-theoretic
side. Seminal characterizations due to Bohnenblust [§], Kakutani [23], 24], Nakano [44], Gordon
[I7] and subsequent work of Krivine [J] (see also [6]) are the starting point of our axiomatization
of the aforementioned abstract spaces. Using real Banach lattices and some additional axioms in
the language of Banach lattices, it is possible to characterize LP-spaces 1 < p < 00) in a way that
we can design logical metatheorems in the spirit of [31],[16] and [29] (Section [5). To this end, we
give a set of universal axioms for Banach lattices (Section , which is proven to be equivalent to
the standard approach ([45 Schaefer]). By adding the inequality

[z uyll” < 2" + lyll” < [lz +yl”,  for all positive x,y € X,

where z Uy denotes the supremum of = and y (elements of a Banach lattice X), it is known from
[24] that any model of the theory is isometrically order-isomorphic to an LP-space (Section [3)).
Similarly for the spaces C(K) (Section [4)).

We then prove that generally axioms in positive bounded logic (which has the same expressive
power as Chang and Keisler’s continuous logic, see [I0]) can be translated into (adding appropri-
ate ‘Hilbert e-operators’ to the language) axioms A of a logical form which guarantees a trivial
(monotone) functional interpretation (Proposition . Moreover, the latter axioms are more ex-
pressive as they allow for quantification over N and X (rather than only over Bz(0) for each fixed
numeral 7). This is crucial for the domain of applicability of the metatheorems as it makes many
Vn € NVz € B,,(0)3m € N Az-theorems (A3 purely existential) provable to which the extractability
of explicit uniform bounds ®(n) > m then applies.

Using this, we adapt the logical metatheorems developed by [29] and [16] not only to (real) Banach
lattices, abstract LP-spaces and abstract C(K)-spaces but to any structure axiomatized in positive
bounded logic in the sense of [I9] (Theorem . In particular, we give a proof-theoretic account
of the technically very involved model-theoretic treatment (due to [20]) of the theory of LP(L%)-
Banach lattices and we establish a proof-theoretic bound extraction theorem for the theory of bands
of LP(L7)-Bochner spaces. Henson and Raynaud presented in [20] an infinite list of axioms, also
using Banach lattices, which axiomatizes bands of LP(L?)-Bochner spaces. In our formal framework
we can express their list of axioms by one sentence.

When we talked so far about structures axiomatized by sentences in positive bounded logic we
referred to the usual notion of satisfaction. In the model-theoretic literature ([I9]), however, a
different notion of approximative satisfaction is used which means the satisfaction of the family
of all 2~*-approximations ¢, to a sentence ¢ in positive bounded logic rather than that of ¢
itself. For the axiomatizations discussed so far, this makes no difference as the axioms are already



in approximate form. In general, however, a structure may satisfy all ¢, without satisfying ¢.
Henson and Iovino [19] showed that the validity of all approximations ¢y, for each fixed k € N in a
normed space structure M is equivalent to the validity of ¢ in any ultrapower My of M w.r.t. a
nonprincipal ultrafilter I (see [I9], Proposition 9.26). So the class of structures axiomatized by the
approximate version of the axioms is also closed under taking ultraroots while the class axiomatized
(in the usual sense) by positive bounded axioms is only closed under ultraproducts. We show
that in the proof-theoretic framework, ¢(k) can be written as a single formula with parameter k
and establish that - over our deductive framework - a certain nonstandard uniform boundedness
principle, more precisely Y9-UBX (going back - for the case of bounded metric structures - to
the 2nd author [30]) establishes the equivalence between ¢ and Vk € N¢(k) (Theorem [6.33).
This suggests that 39-UBX, which can be safely added as an axiom to the formal systems in
our metatheorems without any contribution to the complexity of the extracted bounds, can be
viewed as a proof-theoretic analogue to the model-theoretic use of ultrapowers (for proof-theoretic
investigations on the strength of the existence of a nonprincipal ultrafilter see [37,[49]). In fact, we
show that we may safely use the full strength of axioms ¢ in positive bounded logic in proofs from
which we extract uniform bounds while the resulting bound then will be valid also in the (in general
larger) class of all structures which only satisfy the weaker axioms Vk € N (k). We also show that
a number of other uses of ultrapowers can be replaced by the use of X{-UBX: e.g. ¥9-UBX implies
that a Banach space X is uniformly convex (uniformly smooth resp.) if and only if it is strictly
convex (resp. smooth) which corresponds to the respective equivalences in ultraproducts of Banach
spaces (see Section .

To summarize things, the present paper shows that, to a certain extent, the proof-theoretic ap-
proach, in the case of uniformly continuous functions and structures axiomatizable in positive
bounded logic, can be viewed as a constructive explicit finitary counterpart to the model-theoretic
and ultrapower-based techniques which, conversely, can be used in this case, as has recently been
pointed out in [3], to establish qualitative uniformity results corresponding to the quantitative
uniformity results extracted proof-theoretically. Let us emphasize though, that the proof-theoretic
framework, which is based on the language of functionals in all finite types, also allows for higher
order axiomatizations of structures and functions, whereas the model-theoretic context is essen-
tially first-order. Also, as mentioned already above, the proof-theoretic analysis also works in a
weakly extensional framework and only requires uniform quantitative versions of those instances
of extensionality actually used in the proof which in general is much weaker than to assume the
uniform continuity of all the constants involved (see [35] for a recent use of this feature).

For simplicity, we only consider one abstract space X (in addition to the concrete space R) and
selfmaps f : X — X in this paper. However, following the approach in [I§], everything can be
extended to several (possibly different) normed spaces X; and functions f: X; x ... x X;, — X,
(where some of these spaces could also be R).

2. Banach lattices

We follow Schaefer [45] to define real Banach lattices. We do not consider complex Banach lattices
since the additional structure is irrelevant in our context and a complex Banach lattice can be
viewed as a real Banach lattice.

Definition 2.1 ([45] II, Section 1]). The set X with a binary relation < is called a lattice if there
are binary operations LI, on X such that the following axioms hold:

(Bl) Vo,y,ze X (z <yAy<z—x<2),

(B2) Vz € X (x < x),



(B3) Ve,y e X (x <yAy<z—z=y),

(B4) Ve,ye X (e <zUyAy <zUy),

(B5) Vz,ye X (aNy <z AzxNy<y),

(B6) Vm,z,ye X (x <mAy<m—zxUy<m),
(B7) Vmyz,ye X (m<zAm<y—->m<zNy).
Note that U, M are uniquely determined.

Definition 2.2 ([45] II, Definition 1.2]). Let X be a vector space X over R together with an order
relation <. X is called an ordered vector space if the following hold:

(B9) (LO32) Va,y € XVA e Ry (x <y — Az < \y).
If in addition X is a lattice in the sense of Definition 2.1} we call X a vector lattice or Riesz space.

Remark 2.3 ([45] p. 50]). The following is true in all vector lattices X (implied by axiom LOj):
For all x € X and for any nonempty subset A C X it holds that x + sup(A4) = sup(xz + A),
x + inf(A) = inf(z + A) and sup(A) = —inf(—A) provided that sup(A) and inf(A) resp. exist.

Notation 2.4. The following abbreviations are introduced.
1. 2t =200, 27 :=(—2)U0 and |z|:=zU(-x),
2. albtclUd:=(alUb) £ (cUd) and aMbxcMNd:= (aMb) £ (cMd).

Definition 2.5 (J45, p. 81]). Let X be a vector lattice. A norm ||-|] on X is called a lattice norm
if

(B10) Va,y € X ([lz] = [l|=[l| A (0 <& <y — [lz] < [lyl]))-

If ||-]| is a lattice norm, then the pair (X, ||-||) is called a normed (vector) lattice; if, in addition,
(X, ]]-]]) is complete w.r.t. the norm it is called a Banach lattice.

2.1. Formal representation of Banach lattices

We introduce an extension of the theory A“[X, ||, €] ([3I, pp. 410-412 and pp. 432-434] or [29]),
consisting of an axiomatization of normed spaces together with an operator C' assigning a limit
point to each Cauchy sequence with Cauchy rate 27" (thereby axiomatizing the completeness of
X).

Definition 2.6. Define the set of finite types T~ of A°[X, |||, €] by
1. defining ground types: N, X, i.e. N, X € T, and
2. building up higher types inductively: p, 7 € TX = T(p) € T,

The type 7(p) can be written as p — 7 and objects of type 7(p) can be understood as functions
mapping arguments of type p to an object of type 7.
Notation 2.7. We define the following abbreviations:

1. Type 1 is an abbreviation for the type N(N). Using encoding techniques we always allow
finitely many arguments of the same type.



2. We write “4, —,...” instead of “+g, —g,...”, whenever the interpretation is obvious and we
use “[|-||,1” instead of “||-|| ¢ ,Ux "

3. For the base type X define z =x y := ||z — y|| =g Or.

4. Define higher-type equalities inductively for types p = N7y ... 71, respectively p = X7 ... 7y
we set x =, y as

)

Vit ooz (2, 2) =8 (21,5 2k)),
respectively V21", ..., 2/ (x(21, ..., 2k) =x Y(21,. .., 2k))-

5. Finite tuples of variables are denoted by zZ, where © = ' ...2%" and ¢ = 07 ...0, (where
the types o; are identical if not specified otherwise).

To represent Banach lattices one could add the constants and axioms |(B1){(B10)|to our theory.
However, the binary relation “<”, or more explicitly its characteristic function, is not computable
(since it is not continuous). Since the main goal is to produce computable functionals bounding
existential quantified variables, this is an obstacle. Thus, we introduce a constant for the supremum
operation, then define the infimum and the binary order relation in terms of the supremum. To
this end, we have to add different axioms, for which we will show that they are true in all Banach
lattices in the sense of [45] and that the usual axioms for Banach lattices are provable in our theory.

Definition 2.8. We extend the theory A“[X,|],€] to A“[X,]]|,L] to represent Banach lat-
tices. The language of A¥[X, |-]|,U] has the following constants: All constants inherited from
A“[X,||)]l, €] and the supremum operation “LI” of type X (X)(X).

Definition 2.9. We introduce the following symbols as abbreviations:

1. Set “C” as a binary relation as follows: x Ty :=ax Uy =x y.

2. Set “M” as operation of type X (X)(X): zMNy:= —x ((—xz) U (—xy)) .

3. (zX)T =2 U0y and (2%)” := (—xz) U0y,

4. |xX}X =aU(—xx).
Definition 2.10. We add the following axioms to the theory A“[X, ||-||, L]
Al (x Uz =x x),
A2 X(zUy=xyUux),
A3) VaX X X (U (yU2) =x (zUy) U 2),
A4 X(zU(xNy) =x z) and V2 X, 9% (z N (z L y) =x ),
A6) VAL, 2%,y X (X U [Ny (2 Uy) =x [Alg (2 Up)).

A7 (IIII\XII =& [[z[]),

*(0x wall <g [I(0x Uz) Uyl),

(A1) ¥
(A2) ¥
(A3) ¥
(A4) ¥
(A5) Vo, y¥, 2% (v +x (yU2) =x (@ +x y) U (z +x 2)),
(A6)
(A7) ¥
(A8) ¥
(A9)

A9) Vi, 3y, ys ([lor Uyr —x w2 Uysll <r |lz1 —x 22| + [y —x v2l))-

Proposition 2.11. The operations “U7,“N” and “C7 are (provably) extensional.



Proof. Follows directly from axiom in Definition (which we included for this very reason
as the usual proof of from the other axioms uses already extensionality). O

Corollary 2.12 (Majorization of “LJ”).
va X, y*¥n,m € N(l|lz| <z n A lly| <z m = e Uyl <z n+m).

Proof. Follows from axioms|(A1)] |(A9)|and Proposition O

For the general definition of majorizability we refer the reader to Definition[5.6] Since “M” is defined
via “lJ” (and “—x”) it is majorizable (see [3T], Lemma 17.84]). In fact even the same majorant can
be used.

Proposition 2.13. The azioms |(B1){(B10) are provable in AY[X, |-||,U] and the azioms from
Definition are true in any Banach lattice (and the order in the lattice coincides with the one
defined in terms of U).

Proof. See Appendix Propositions and [A22] O

Definition 2.14 (cp. [29, Definition 3.1]). The full set-theoretic type structure S := (S,) ,cpx
over N and the space X is defined by:

Sn:i=N, Sx:=X, Sy =5,

where we denote all set-theoretic functions S, — S; by S;g .

Proposition 2.15 (cp. [29, Definition 3.21]). Let (X, ||-||,U) be a nontrivial Banach lattice. Then
8“X becomes a model of A“[X, ||| ,U] by letting the variables of type p range over S, if all inter-
pretations for the constants used for normed spaces are obtained from [29, Definition 3.21], and if
x Uy with x,y € X is interpreted by sup{z,y}.

Proof. Follows from Proposition [2.13 O

Definition 2.16 ([29, cp. Definition 3.21]). A sentence of the language of AY[X, ||| ,U] holds in a
nontrivial Banach lattice (X, ||-|| ,U) if it is true in the models of A“[X, |-||, U] obtained from &**
as specified in Proposition [2.15

Remark 2.17. For all subsequent theories and their interpretations we assume an analogue of the
previous definition of “holds”.

3. LP spaces as Banach lattices

Following Ben-Yaacov et al. [6, Section 17] let 1 < p < oo, Q be a set, U a o-algebra on Q and p a
o-additive measure on U. Denote by LP(Q2, U, i) the space of (equivalence classes of) measurable

functions f : @ — R with || f]| := ([, |/I" du)l/p.
Definition 3.1 ([6l pp. 414-415]). We write BL? (for p > 1) for the theory consisting of the

axioms for Banach lattices and
(B11) Vo,y € X (z,y > 0 = [z Uyll” < [l2]” + [[y]” < [l= + y]I").

To exclude measures with atoms, i.e. the existence of so-called atoms, which are sets A C  with
w(A) > 0 such that no subset B C A exists with 0 < pu(B) < u(A), one can add another axiom to
the theory expressing that (Q,U, ) is atomless. An important example for atomless measures is
the Lebesgue measure on the real line.



Definition 3.2 ([6l p. 415]). The theory BLP together with the following axiom is denoted by
ABLP.

(B12) sup,¢yinfyex (max{“|yH — Hx+ — ym , ||y Mzt — y)”}) =gr 0.

The next theorem goes back to [§],[44],[17] (for 1 < p < c0) and (for the special case p = 1) to [23]
(although we use a variant axiomatization due to [9], see [38] for more information on the historical
background):

Theorem 3.3 (cp. [9, Theorem 3] and [0, Propositions 17.3 and 17.4]). Let 9 be a Banach
lattice. Then M is a model of the theory (A)BLP if and only if there is a (atomless) measure space
(Q,U, 1) such that M is isometric and lattice isomorphic to LP(Q, U, u) where 1 < p < oo (here U
in LP(Q,U, u) is defined up to measure zero sets as pointwise maximum,).

Proof. We refer to the proof of [9, Theorem 3] for BLP and to the proof of [6, Proposition 17.4] for
ABLP. O

3.1. Formal theory for LP spaces

Definition 3.4. We define the extension A“[X, ||-||,U, p] of A“[X, |||, L] by adding a constant ¢,
of type 1 with the axioms (cp. axiom |(B11))):

(AlO) Cp Z]R ]-]R;
(A1) Vo X, X (Il Uyl < 2l +r Myl <w 2] +x [ylI1=)-

Note that in Definition [3.1]axiom [(BI1)]is stated without the absolute value but with the restriction
to positive x,y € X which is obviously equivalent. Our version is purely universal, thus it is its
own functional interpretation.

Proposition 3.5 (cp. [29, Definition 3.21]). Let Q be a nonempty set, U a o-algebra on Q and
p a nontrivial measure on Q. Let 1 < p < oo and let X be the space LP(Q,U, ). Then S“X
becomes a model of A“[X,||||,U,p] by letting the variables of type p range over S, as specified in
Proposz'tz'on with the exception that f U g with f,g € X is interpreted by max{f, g}, p-almost
everywhere. The constant ¢, is interpreted by (p)o, where (1), for r € Ry is the function mapping
every real number to a representing element of NY (see [29, Definition 2.9]).

Proof. 1t is easy to see that the interpretation defined above fulfills all axioms from Definitions|2.10

and 3.4 O

Definition 3.6. We define the extension A“[X, |||,U,pls of A“[X,|]|,U,p] by adding the fol-
lowing axiom to ensure that the measure p is atomless:

(A12) VaXvE Ty =x Lx (2]l + 1) (lyll = 2 =yl ly 0 (" —y)ll <e 27F)

Proposition 3.7. The azioms|(A12) and|(B12) are (after expressing the use of sup, inf equivalently
using quantifiers) provably equivalent in A“[X, ||-||,U].

Proof. By unwinding sup and inf we see that implies For the converse we have to prove
the bound for y. Observe that ||(zT —y) — (—y)|| =r ||z =r [z L O|| <r |||z||| =r ||z|. By the
nonexpansiveness of “I” (axiom [(A9)) and this implies: ||y M (zt —y) —y 1 (—=y)|| <r ||zl
which yields by the reverse triangle inequality |y 1 (—=y)|| — ||z|| <g [ly 1 (zt — )]

Since fly M (—y)l| == lyU (—g)ll == sl == llyl, this implies iyl <a o] + lly 1 @+ — ).
Hence, the axioms|(B12)|and [(A12)| are equivalent. O




Theorem 3.8 (cp. [0, Theorem 3] and [6, Propositions 17.3 and 17.4]). The structure S is a
model of the theory A[X, ||| ,U, pl(a) as defined in Pmposition if and only if there is a (atom-
less) measure space (Q,U, u) such that (X, ||-|| ,U) is isometric lattice isomorphic to LP(Q, U, p).

Proof. Since we have shown that all axioms of the theory (4) BL? from Definition [3.1]can be proven
in the theory A“[X, [|-][,U, p](a), and also that axioms from A“[X, [|-|,U,p] hold in a Banach
lattice in the sense of (A)BLP together with an equivalent formulation of the atomless axiom, the
result follows from Theorem 3.3l O

4. C(K) spaces

Similarly to LP spaces one can also represent C(K) spaces of continuous real-valued functions,
where K is an abstract compact space, by Banach lattices.

Definition 4.1 ([45], Definition I1.7.1]). A lattice norm x +— ||z|| on a vector lattice E is called an
M-norm if it satisfies the axiom

(M) lz Uyl = max{flz]l, llyll} (2,5 € Ey).

A Banach lattice whose norm fulfills (M) is called an abstract M-space (AM-space). If the unit
ball contains a largest element and that element has norm 1, it is called the unit of F.

Theorem 4.2 ([24, Theorem 2]). For any AM-space with unit there exists a compact Hausdorff
space K such that (AM) is isometric and lattice isomorphic to the space C(K) of all bounded
continuous real-valued functions defined on K with ||-||, and pointwise supremum L.

Definition 4.3. We extend the theory A¥[X, |-||,U] to A“[X, |||, C(K)] by adding the following
axioms (note that ||1x|| =g 1 is already an axiom of A“[X ||]|])
x

Al13) Ox Clx and V¥ (2 C 1 here & 1= ——————.
(A13) Ox C 1x and Vo (Z C 1x), where & e {217

(A14) Vo, X (Il Uyl =r maxe{]lz], ly]}).

Proposition 4.4. The azioms|(A13) and|(A1}) are true in any AM-space with unit in the sense
of Definition and the theory A“[X, |||, C(K)] proves aziom (M) and the existence of a unit,
namely 1x.

Proof. The axioms [(A13)| and [(A14)| are direct formalization of axiom (M) and the fact that the
unit element is the largest element in the unit ball. O

Proposition 4.5. Let (X, ||||,U,e) be an AM-space. Then S becomes a model of the theory
A“[X |||, C(K)] by letting the variables of type p range over S, if all conditions of Proposition[2.15
hold with the exception of the interpretation of the constant 1x|'| which is interpreted by the element
e € X with |le]| =1 and the property Vz € X (JJz|| <1 =z Ce).

Theorem 4.6. Let (X, ||-||,U,e) be a Banach lattice with a unit e. The structure S“*X is a model
of the theory A“[X, ||| ,U, C(K)] as defined in Proposition[{.5 if and only if there exists a compact
Hausdorff space K such that (X, ||| ,U,e) is isometric and lattice isomorphic to the space C(K)
of all bounded continuous real-valued functions defined on K, where e € X is the interpretation of
the constant e according to Proposition[{.5]

INote that 1x is a constant in the language of A“[X, ||-||] having norm 1, see [29].



Proof. Follows from Theorem [.2] and Proposition [£.4] O

Remark 4.7. Tt is also possible to use the following axiom without involving a constant for the unit
element and so staying in the signature of Banach lattices (note that Ox C e follows already from
x:=0x and |le]|x =1 follows from x := 1x and ||1x| = 1):

Je <x 1xVa~ (z Ce), where Z := x

(1)

maxg {||z]|, 1}

5. Logical Metatheorem for LP, C(K) and Banach lattices

As previewed in Corollary 2.12) we define majorization, which is crucial for proving the forthcoming
metatheorem.

Definition 5.1 ([31, Definition 17.32]). We define inductively for each type p € T~ the corre-
sponding majorization type p € T:

N:=N, X:=N  7(p) =70
Definition 5.2. We define two important classes of finite types p € T

1. Define the class of small types consisting of the following finite types: N, N(N)...(N), X and
X(N)...(N).

2. Define the class of admissible types consisting of the following finite types: N(pg)...(p1)
and X (pg)...(p1) where p1,...,pr are small types. Also the type N, X are admissible (in
particular, therefore, every small type is admissible).

Definition 5.3 (|29, Definition 3.22]). For functionals z*,y” of type p € T define = =,y by

N: T jN Yy =x < Y,
X z2xy:= |zl <r llyll,
=7(0): = =)y =V (2(2) Z- y(2)).

Definition 5.4 ([3I, cp. p. 142 and Theorem 10.26]).

ESTR SRS
I

1. We define A to be the set of all sentences of the form
Va?3b =, ra¥c?Boy(a, b, ¢,

where By is quantifier-free and does not contain any further free variables, r is a closed term
(of suitable types) of A“[X,||-||,...]. The types 0,0, can be at most admissible.

2. We denote the Skolem normal forms of the sentences in A by

A :={3B =, 1Va?, By (a, Ba,c) : Va®3b <, ra¥c2Bo(a, b,c) € A}

Remark 5.5. The atomless axiom [(A12)|is syntactically in the class A, in contrast to axiom |[(B12)|
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Definition 5.6 ([16], Definition 9.1]). The type structure M** of all (strongly) majorizable set-
theoretic functions of finite type p € T~ over a normed space (X, ||-||) is defined as:

My:=N, nZym:=n>mAn,meN,

Mx =X, nZxx:=n2|z|An€ My,z € Mx,
M~
T 2 =2 € M- Nwe MM
T
AVy* € M;7y €M, (y* Zp Yy — 'y 2. zy)

AVy*,y € Mo (y* Zoy =y 2 xy) ;

Mo~
M = IGMM”:HJ:*EMA/’(:E*> :17) r.peTY).
(p) T . ~7(p) P

Note that without adding the base type X, the type structure of (strongly) majorizable functions
of finite type is denoted by M defined first by Bezem [7]. We read z* Zx x as “z* (strongly)
majorizes x”.

Lemma 5.7.
1. Let p be a small type. Then M, = S,.
2. Let p be an admissible type. Then M, C S,.

Proof. This is proven in [3I, Proposition 3.70] for types T and for types T in [16, Proof of
Theorem 4.10]. O

Lemma 5.8 (cp. [I6, Lemma 9.11]). All closed terms t in the language of A“[X,|-||,U, pl. are
magjorizable by closed terms in AY when interpreted in M“X (depending on p only via an upper
bound N> b > p).

Proof. We can refer to the proof of [16, Lemma 9.11] which is done by induction on the complexity
of the closed terms for A“[X,|-|]] (and for A“[X, |||, €] see [3I, p. 434]). Thus, it remains to
show that newly introduced constants are majorizable. For the supremum operation this is shown
in Corollary The constant ¢, is majorized (see [31, Lemma 17.8]) by M(b) 21 [cp]pmwx =
[eplsw.x = (p)o, with b € N such that b > p and M (b) := An.j(b2"+2, 2"+ —1), where j(-, -) denotes
the Cantor pairing function. As b we can always take e.g. b:= [(¢,(0))g] + 1. O

Definition 5.9 (cp. [27], Definition 3.10]). We define the bounded axiom of choice:
b-ACx = U {b—AC(S”’} ,  where
5,peTX
b-AC*? :=vZrO) (Va3y <, ZaA(x,y, Z) — 3Y =) ZV2A(2, Y, Z)).
Lemma 5.10 (cp. [27, Application 3.12]). M“* = b-ACyx.
Proof. Analogous to the proof of [27, Application 3.12]). O

Lemma 5.11. For the sentences A as defined in Definition the following holds: S“X |=
A = MOXEA.

Proof. We first want to prove S¥* = A = M%* = A. Recall that all sentences in A (here we
only implictly refer to the tuple notation) have the format A := Va’3b <, ravc?By(a, b, c). From
Lemma we know that for small types p we have M, = S, and for admissible types o we have
M, C S,. So if all types are small, the assertion holds trivially (see also Lemma 17.84 in [31]).

11



For the universal variables a® and ¢” the sentence A is weakened since the scope of the universal
quantifier is reduced from S5 to My (resp. for ). Note that this inclusion does not hold for higher
types (see Howard [21I]). Then we check the definition of the statement 3b <, ra which is defined
(for 0 = Tpy, ... p1, where 7 € {N, X'}) as Ib°VzE(bz <, raz).

Here we see that it is important to have only small types p; since otherwise the scope of the
universal quantified variables z would be not identical. Since type of b is admissible we have a
smaller domain for finding a witness, thus we show that any b making A true is majorizable and
therefore an element of M“*X. Because the term 7 and the variables a,z can only take values in
M@X  they are majorizable by definition. From [31, Lemma 17.65] we get that b is majorizable.
Now we show M“* = A = M“X = A. Recall that all sentences in A have the form
3B =, mVa®, ¢" By(a, Ba,c). Then by using the bounded axiom of choice (Lemma we see
that A +b-ACx F A and thus M“X = A, O

Definition 5.12 (cp. [29] Definition 3.6]). A formula F is called a V-formula (resp. 3-formula) if it
has the form F' = VaZFqi(a,b) (resp. F = FaZFy(a, b)) where Fyr does not contain any quantifiers
and the types in ¢ are admissible and b are parameters of arbitrary finite type.

Now we prove our first logical metatheorem, extending the scope of the logical metatheorems due
to [16, Theorem 6.3] and [29, Theorem 3.7].

Theorem 5.13 (Logical Metatheorem for LP, C(K) and Banach lattices). Let p € T be an
admissible finite type. Let By(x,u), resp. C3(x,v), be V- resp. 3-formulas that contain only the
variables T, u resp. x,v free. Assume

AY X |1 W Pl ay B YV (Yl By(z, u) — 30NCs(z,v)) (2)

then one can extract a partial functional ® : S;4 N whose restriction to the strongly majorizable
elements of Sg is a (bar recursive) computable functional of M* and the following holds in all
nontrivial (atomless) LP(Q, U, n) spaces: for all z € S,, a* € S; if * 2, x then

Vu < &(x™)By(z,u) = Jv < &(2*)C3(x,v).

® depends on p only via an upper bound N 3 b > p.
Moreover,

1. if p is type 1, then ® : S; — N is a total computable functional (in the ordinary sense of
type-2 recursion theory) defined by bar recursion.

2. All variables may occur as finite tuples satisfying the same type restrictions.

3. If holds for the theory A“[X, ||-|| , U], resp. AY[X, ||-||, C(K)], instead of A“[X, ||| ,U, p](a)
the conclusion holds in all nontrivial Banach lattices (X, ||| ,U), resp. all spaces C(K) of
continuous real-valued functions on an abstract compact space K.

4. If the statement in can be proven without the axiom of dependent choice, one does not need
bar recursion. Thus, we could then allow the type p to be an arbitrary finite type. Moreover,
all restrictions to M“X can be omitted, and so everything follows in the full S . Then the
functional ® : S/p\—> N is primitive recursive (in the sense of Gdodel).

Proof. We extend the proof of [I6, Theorem 6.3]. We need the model M« for bar recursion to be
true (which does not hold in S-X | see [31} p. 214]), which in turn is necessary to solve the functional
interpretation of dependent choice (see [31, Chapter 11]). As stated in, without dependent choice
we can omit all restrictions to the types and use the model S¥X instead. Theorem shows that

12



the theory A“[X, |||, U,p](q) is the correct axiomatization for nontrivial (atomless) LP(Q,U, u)
spaces, similarly in Theorem we have shown that the theory A“[X, |-||,U, C(K)] axiomatizes
abstract spaces of continuous functions on a compact set K and for Banach lattices the same is
proven in Proposition Since all terms of the theories are majorizable (see Lemma 7 we can
refer to the proof of [I6, Theorem 6.3] with the exception of the sentences A, which are necessary for
the atomless axiom. All new axioms of A“[X, ||-||, L, p] are universal and are, therefore unchanged
by the functional interpretation, which is one of the key ingredients of the proofs of [I6, Theorem
6.3] and [29, Theorem 3.7]. By [31, Theorem 10.21] (since this theorem applies negative translation
- which only weakens A - and the monotone functional interpretation) all sentences A are upgraded
to A. This is not a major concern, see Lemma The newly added Skolem functionals B for
each sentence in A have to be added as new constants to the language to witness the existential
quantifier. Of course, none of these new constants is expected to be provably extensional. However,
since in the proof those constants are not in the language, they cannot be used in the proof
anyway. They are majorizable, since they are smaller than closed terms r which are in turn
majorizable by primitive recursive terms, which follows from Lemma [5.8, This implies that the
newly added Skolem constants are majorizable and so can be interpreted in M«@X " Since with
the added constants all axioms A are universal sentences, they are unchanged by the functional
interpretation.

The axiom not involving the existence of a unit constant (the 1x is an arbitrary element of norm
1) from Remark is in the class A, thus this axiomatization of C'(K) is also admissible. O

As a corollary to the proof of Theorem we see that we may explicitly allow arbitrary axioms
of the form A which can be added to the theory.

Corollary 5.14. Assume the same setting as in Theorem[5.13 If
AIX | U, Py + A F V2P (Vu' By (z,u) — 30NC3(z,v))

then one can extract a partial functional ® : S;A N whose restriction to the strongly majorizable
elements of S; is a (bar recursive) computable functional of M and the following holds in all
nontrivial (atomless) LP(Q, U, 1) spaces X s.t. S*X = A: for allz € S,, x* € Sy if Zp T then

Vu < &(x™)By(z,u) = Jv < &(2*)C3(x,v).

The supplements (1)-(@) remain valid in this setting. The theory A®[X,|-||] and all extensions
defined in this work are also admitted.

Proof. Follows directly from the proof of Theorem [5.13 O

As discussed already in the introduction, logical metatheorems of the type of Theorem [5.13] are
applied to nonlinear analysis not in the abstract form stated but via specialized corollaries that
refer to concrete formats such as the convergence of some iterative procedure (z,) involving some
nonlinear operator T': X — X as is common in fixed point and ergodic theory and continuous
optimization (see the introduction).

6. Positive bounded logic

After having formalized directly some theories of abstract spaces studied in model theory we will
next analyze positive bounded logic, which is a restriction of first-order logic, more systematically
from the proof-theoretic point of view. In this framework there are only bounded quantifiers, no
negations and all functions are uniformly continuous. After discussing the definitions due to [19]
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we show how we can mimic positive bounded logic in the formal theory A“[X, ||-]|] (axiomatizing
normed spaces without completeness) and show that the logical metatheorem for normed spaces
with additional axioms A covers the expressive power of positive bounded logic (or continuous
logic, adapted by [6], having the same expressive power).

Remark 6.1. From now on, whenever we refer to the theory A“[X, |-||] it is permitted to use all
extensions (with the truth in the respective models) defined in this work, instead.

6.1. Model-theoretic view

First we introduce the models of positive bounded logic, i.e. families of normed spaces together
with some functions.

Definition 6.2 ([I9, Definition 2.1]). A normed space structure 9 consists of a set (M) | s € )
of normed spaces M (%) (one of which is always R), which are also called sorts with sort index set S
and a set of uniformly continuous (on bounded domains) functions F : M 1) x...x M(sm) — Mf(s0),

For simplicity reasons we will focus on a single normed space which corresponds to the abstract
type X (in addition to R). As indicated in [16, Section 7] and executed in [18] one can have multiple
abstract types X; to treat several normed spaces simultaneously.

Definition 6.3 (|19, Definition 5.2]). Let L be a signature for normed space structures. We define
positive bounded (L-)formulas via induction on the complexity.

1. The prime formulas are r <t and ¢ < r, where t is a real-valued term and r € Q.

2. If p; and 9 are positive bounded formulas, x is a variable, and r € Q with » > 0 then
the following are positive bounded formulas: (g1 A ¢2) and (@1 V 2), Jz (|lz]] <7 A p1),
Vo (lzf <7 —e1).

Notation 6.4. We introduce the following abbreviations:

Frxp:=Fx(||z|| <rAy), Vexp =V ([Jz] <r — @),
t=r=t<rAr<t.

Definition 6.5 ([I9, Section 5]). If ¢ is a positive bounded formula, we define the positive bounded
formula ¢’ to be an approzimation of ¢, which is denoted by ¢ C ', as follows:

e For ¢ = r < t, approximations of ¢ are r’ < t, where r’ < r.

e For ¢ =t < r, approximations of ¢ are t < r’, where r < r’.

e For ¢ = 1y 01y, approximations of ¢ are ¢] ), where ¢; T ¢}, for i = 1,2 and O € {A, V}.
e For ¢ = 3,21, approximations of ¢ are 3,-x¢’, where r < " and ¢ C '

e For ¢ =V, 21, approximations of ¢ are V,-xt’, where ' < r and ¢ C '

Definition 6.6 ([19, Definition 5.9]). Let 9t be a normed space structure and let ¢(x1,...,z,) be
a positive bounded formula. If ¢'[ay,...,a,] is true in 9 for every approximation ¢’ of ¢ we say
that MM approzimately satisfies p(x1,...,x,) at ai,...,a, (where a; € M), which is denoted by
M Ea pla, ... an)

Definition 6.7 ([I9, Definition 13.5]). For two classes of normed spaces structures C,D with
C C D we say that C is aziomatizable in D by positive bounded sentences, if there exists a set of
such sentences I' such that for all structures € € D it holds that € e Cif € =4 T.
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Remark 6.8. All approximate models of the theory A“[X, |||, L, p]. are also models since for uni-
versal formulas this is equivalent [I9, Section 5]. The atomless axiom [(A12)|is - via its formulation
from Proposition - equivalent to its own approximate version (in the sense of Lemma [6.13)).

Lemma 6.9 ([I9] Section 13]). Let ¢(z1,...,x,) be a positive bounded formula. There exists an
equivalent prenex normal formula ¥(x1,...,x,) of the form

Qiy1Q2y2 ... Qryrb(x1, .., Tny Y1, - Yk),s

where Q; € {3,,,V,,} forie{1,... k}, and 0(x1,...,Zn,y1,-..,Yk) is quantifier-free in the sense
of positive bounded logic.

6.2. Positive bounded logic in proof theory

Since in positive bounded logic real numbers and abstract normed spaces are treated identically
(from a syntactic point of view) we want to stay close to this approach. Therefore, we introduce
the type X which stands for the two types X and 1, where the latter is used to represent real
numbers. If z is of type 1 but is interpreted as a representative of a real number, equality has
to be understood in the following sense: z =g y (instead of z =, y), as well as ||z| = |z|g and
z 2% y:= |z| <r |y| (instead of z <; y). For all further details we refer to [31]. This double role
of the type 1, namely as the type of number-theoretic functions, which it officially represents, and
its use to represent real numbers causes certain technical complications (see Lemma as we
will have to translate bounds in the sense of <g into bounds in the sense of <7 which is needed in
majorizability arguments.

Notation 6.10. Since rational numbers are encoded by natural numbers using the Cantor pair-
ing function (see [28] for the details) we introduce the following abbreviation: Va € Q% ¢(a) :=

Val <|a|Q >0 0— (p(\a|Q)>.
Definition 6.11. We define a class of formulas in the language of A“[X, |-||] denoted by PBL:

O (T,r,8) := Vlerlmszlslyf( LY xXEISmyTX;L (T(g, Y1) =r O) ,

Tm*'m

where 7;(1), s;(I) are terms containing only [ free denoting functions N — Q7 (see Notation [6.10)

and T is a function of type 1(N)(X) ... (X). In the following, we will for better readability surpress
the dependence of r;(1), s;(1) on [ and simply write r;, s;.

Whenever dealing with a formula of the class PBL we assume to have a modulus of uniform
continuity wr : N X N x N — N s.t.

U (T wr) =" 0 Iy 230y 01 - Y o (3)
(A Nz = @l s = Gill <z 277D = |Tla,y,0) = T(@, 5] <a27")-
i=1

This corresponds to the uniform continuity assumption made in positive bounded logic by which
all L-terms denote uniformly continuous (on bounded subsets) functions (see [I9], Definition 2.1
and p.27).

Lemma 6.12. To each formula in prenex normal form with bounded quantifiers which is built up
from formulas r <g t and t <g r, viewed as prime formulas, by \,V, we can construct a formula @g
in the class PBL such that AY[X,||-||] F ¢ <> wo. We construct oo by induction on the complexity
of ¢ (using implicitly the embedding of Q into R on the level of the representations):
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1. r <g t is replaced by min{r,t} —r =g 0,
2. t <g r is replaced by min{r,t} —t =g 0,
3. ¢ =r 0V =g 0 is replaced by min{|¢|, |¢|} =r 0,
4. ¢ =r 0 A =g 0 is replaced by max{|d|,|v|} =g 0.
Proof. The equivalence can be easily proven in A“[X, |-||]- O

The above lemma draws the connection between positive bounded logic and the class PBL which
covers positive bounded logic. We do not want to go into more details, since one would need to
define an explicit interpretation, add multiple base types X; (which is possible, see [I8]) and so
forth.

Lemma 6.13 (Approximations as one formula). Let

Om(T,r,8) = VI, 27 30,y . Yy a3,y (T(z,y,1) =g 0)

Tm'm

be a formula in the class PBL. Then the following formula expresses the approzimate truth of ©,,:
Ome(T,r,8) =Yk >y max {[—logy(r;)] | i € {1,...,n}}
Vlerl_Q—kx§351+2—ky§ . .vryn_2—k$§LE|STn+2—k:y7);i (|T(g, Q,l)| <r 27’“) .

Proof. As implicitly defined in Definition |6.5{an error parameter 27% is added to all prime formulas
of positive bounded logic as follows: the formula r — 27% < t is an approximation of r < ¢ for all
k € N. If this error term is added to all prime formulas before applying Lemma we obtain
that the inner formula T'(z,y,l) =g 0 is approximated by !T(g, Ys l)‘ <g 27%. Then the range of
the quantifiers is modified by the error parameter according to Definition [6.5] The final step is the
universal closure since we want to express all approximations of ©,, in one formula. O

Next we introduce an abbreviation stating that a formula 6 is extensional with respect to specified
free variables:

Notation 6.14.
Ext(0(z1,...,2m)) = V:Ufjf,...@i,fi(%xi =5 = (0(x1,...,2m) & 9(@1,...,£m))).

Definition 6.15.

ming (2!, ) := AN .miny (zv, yv)

o lyll
retr ’($X7yX7nN) = ¥ —nle
X max {||Z]|, lyll, 27"}
where &% := z ¥, ! ):( -
ming (z, M(y(0) + 1)), if X =1.

The following lemma motivates the somewhat involved definition of retr ¢(z,y, n).
Lemma 6.16.
(i) A“[X, [I] F Ext(A()) — (¥n"Vy'(ly| >r 27" = Bz <5 yAl(e,y)
& Jz =y M(y(0) + 1) A(retr ¢(z,y,n),y) « Izt A(retr (z,y,n),9)))),
(ii) A“[X, [-]] - Ext(A(z)) = (vn"Vy* ([l >= 27" = Gz <5 yA(z,y)
< JaX A(retr ¢(z,9,n),9)))).
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Proof. (i): Since A is extensional in = w.r.t. =g we are allowed to choose a small representation
for x via (*) with z =g Z (see [31], p. 93]). Since |y| <g (y(0) + 1)r the type 1 bound follows from
the Definition of (*) where z € [—m,m| with m := y(0) + 1. Moreover, |y| >gr 27" and |Z| <g |y|
imply retr ¢(Z, y, n) =g Z. Reversely, from Definition we know |y| > 27" Az <1 M(y(0)+1) —
[retr ¢(z, y,m)| <gr |y|. The second equivalence follows from Definition here using that #! is
applied to the first argument of retr ; and the fact that provably i= together with QF-ER.

(ii): Definition [6.15] implies |jy|| >r 27" — |jretrx (z,y,n)|| <g |ly|| and 2 <x y A |ly|| >r 27" —
retrx (z,y,n) =x x. Thus, the equivalence follows from Ext(A(x)). O

Proposition 6.17. Let © be a formula in the class PBL. Then there exists a formula ©*, which
in the case where r,s,T are given by closed terms is a sentence in A, such that

AYLX ||] F YT Ryl Oy s e Q)N (U (T, wr) — (0% — 0)),
where U, (T, wr) expresses the uniform continuity of T (see ) In the presence of b-ACx also
the converse implication © — ©* follows.

Proof. Let © be a formula in PBL:

0 = VI, 253, yF ..V, 2 3, Y (T2, y,1) = 0),

Tm'm

and assume that Uy, (T, wr). First, we remove the universal premise due to the bounded universal
quantifiers which is possible since implies the extensionality of T .

Ext(T(z,y) =& 0) F (© ¢ 00 := W'ai' 3,y . VX3, v (T(@,y,1) == 0) ).
T; = retr (@i, i, [—logy ri] + 1).
Then, using AC, we obtain the Skolem normal form (cp. [3I, p. 142])
Qp +» ©* := 3, YVI'Va(T(2,Yal,l) =g 0),

where ©* is spelled out as follows.

0*=3Y (AYZ 2w MY Lsi 1y /\VlNVg(T@,EZ,l) =R 0)) .
i=1

Since T'(Z, Y #l,1) =g 0 is a universal formula and we can bound Y; w.r.t. <)) and <xx)w),
which follows from the extensionality of T together with Lemma [6.16] we conclude that ©* can
be written as a sentence A (and so the above use of AC can be re-casted as a use of b-ACx) for
closed terms r,s,T. O

Theorem 6.18 (Logical Metatheorem for the class PBL). Let p € TX be an admissible finite
type and © be a set of sentences of the class PBL such that for each ¢r € © we have provably
Un(T,wr) (see on p. for some closed terms wp, T defined in the language of A“[X, ||-||].
Let By(z,u), resp. C3(z,v), be V- resp. 3-formulas that contain only the variables x,u resp. x,v
free. Assume

ACLX, ]+ © + Va? (V' By(z, u) — F0NCs(z,v)) (4)
then one can extract a partial functional ® : S;;4 N whose restriction to the strongly majorizable
elements of S; is a (bar recursive) computable functional of M* and the following holds in all

nontrivial normed spaces X s.t. S** = 0O: forallz € S,, z* € S/p\ if x* 2, x then
Vu < &(2*)By(z,u) = Jv < &(2¥)C3(x, v).
The list — of Theorem holds analogously.
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Proof. We have to add the following arguments to the proof of Theorem [5.13} In Proposition [6.17]
we have shown that all axioms in the class PBL (which covers all closed instances of positive
bounded formulas in our theory) can be expressed by axioms ©* € A, which are covered by
Corollary Thus, the only step is to use ©* instead of the original set © (since ©* provably
implies ©). Since with b-ACx conversely © also implies ©*, the validity of © in S“**X implies that
of ©* (and by Lemma we also have the validity of ©* in M%X). O

Remark 6.19. The above metatheorem can be generalized to the setting where we do not re-
quire AY[X, ||| +© F m Un (T,wr) and only assume U,, (T, wr) implicatively. Note that © is
pT€EO

w.l.o.g. finite since the proof of can only involve finitely many axioms. Then the functional ¢
would additionally dependent on wr (which allows one to construct a majorant of T').

Since the class A covers both regular and approximate positive bounded formulas (see Lemmam
and the proof of Proposition as the latter are again in the class PBL, it is up to the user
which variant to take as an axiom. However, as we will show in Theorem [6.36] one can assume the
full non-approximative axiom for the proof of , which is equivalent using uniform boundedness
to the approximate version, but still conclude that the extracted uniform bound will be valid in all
structures satisfying the approximate version only.

Remark 6.20. Above we only considered PBL-axioms in the signature of Banach lattices (possibly
with a unit). However, the approach also applies to other signatures in the framework of positive
bounded logic as the uniform continuity requirement on bounded sets for the constants made in
positive bounded logic can always be stated as a universal axiom (once a modulus of continuity
is added to the language) from which one then construct a majorant (see the proof of Corollary
17.71.4 in [31]).

6.3. Uniform boundedness principle

In this section we study a uniform boundedness principle that will be shown to serve as a proof-
theoretic substitute to many uses of ultrapowers in the model theory of normed spaces. The starting
point is the axiom scheme 3-UB¥ from [30, Definition 3.1]:

JUBX .= Yy ™) (VkN,ma,géﬂnNAg(y,k,mina(m,yk),g, n) —
T 3VEY, 2, 2230 <y xkAs(y, k, ming (z, yk), 2, 1)),

where a = N(o)...(01), 8. = X(7m)...(n1) (with 7;,0; arbitrary finite types) and A3 is an
J-formula (see Definition [5.12). It is important to remark that 3-UB™ only makes sense when
considering bounded metric spaces. Since in a bounded metric space all elements of type X are
trivially majorized, the types in 8 can be very complex which is not possible in the case of normed
spaces.

The axiom (and also our variations of it) is in general invalid, since one of its immediate conse-
quences is the uniform continuity of all functions f : B1(0) — X in the context of normed spaces.
For simplicity reasons we will restrict ourselves to the case of points y* (and finite tuples yX)
instead of sequences y~*(™). The sequential version of uniform boundedness has the advantage of
proving e.g. from strict convexity the existence of a modulus of uniform convexity, whereas one
would need choice in the pointwise version (see Proposition to obtain a modulus. Since we
work in a strong theory with DC the pointwise version suffices. We will need rather technical (inten-
sional) uniform boundedness principles, having a subscript-minus at their names, and application
oriented variants for extensional formulas which are applied in Section [6.5

‘v’yXVnN(HyH >p 27 A Vgcj(ﬂzNAg(retr;((x7 Yyn), Y, 2)

»9-UBX (43) :
! - (43) { — F2*VaX 3z <y 2% As(retr g(x, y,n), v, 2),
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where A3 is an F-formula and retr ¢(z,y,n) as defined in Definition

When we refer to the above principle by E?—UB)_( we allow all instances of As; if we want to refer
to the inner formula A3, we use the notation above (compare Lemma, with Lemma [6.25).
Now consider the following axiom of type A (cp. [26] for type 1 and [31, Definition 17.99] for
arbitrary types in the context of bounded metric structures)

px = [ VR OV (ly ]| >p 27 = Ty <y gVt (@(retrx (2, ,m)) < () A
=7 VN 3y < oVa (@ (ming (u, v)) <y B(V)).

Proposition 6.21. M“X = F~.
Proof. The proof is similar to the proof of [31, Theorem 17.101]. O

Remark 6.22. Whenever the axiom F¥ is in the theory we must use M“X as a model even if
dependent choice is not used, simply because in S*** the axiom F¥ is wrong (see Section .

Lemma 6.23. A“[X,|-|] + F* + 20-UBY.

Proof. Suppose |yl >r 27" A V.CL‘XHZNAg(IetI‘X(JJ, y,n),y,%). By applying AC-3 := VaIyAs(z,y)
— 3fVaAs(z, fz), (which is equivalent to QF-AC) to the second conjunct we get

3PN Xy X A5 (vetr ¢(z, y,n),y, (x)).
Now we distinguish the cases X and 1 and start with the former: Since provably
ly]| > 27" — retrx (retrx (z,y,n),y,n) =x retrx (z,y,n) (5)
by Definition and prenexing to a universal formula, we obtain with QF-ER
lyll > 27" — VaX As(retrx (z, y,n), y, ®(retrx (z,y,n))).

Using F~ we know that INNVzX (®(retrx (z,y,n)) <n N).
For type 1 we use that provably & =, & (with #! as in Definition i implying with QF-ER

ly| > 27" — Val Az(retr g(x, y,n), ®(7)).

Then we apply F¥* (to ® and v := M (y(0) 4 1) from the definition of Z) yielding INNVz' (®(Z) <y
N) and hence both cases together imply

lyl| >27" — 3z X 3z <N 2" Ag(retr ¢(z,y,n),y, 2).
O

From now on, whenever we want to use £9-UB? it is sufficient to have the theory A“[X, ||-|] +F¥.
This theory is suitable for a logical metatheorem (see Theorem whereas the uniform bounded-
ness principle does not have the right logical format. As we will see later, in most applications
we have a (provably) extensional formula A3 which will allow us to use the following uniform
boundedness principle without having to deal with the retr g-operation:

Definition 6.24. We define the form of the uniform boundedness principle used in the applications
(and which follows from $9-UB™ for extensional formulas) with variables of type X as follows.

»0-UB* : Vyj( (Vo <5 y3NAs(z,y, 2) — 32"V <5 y3z <y 2" A3(2,y, 2)),

where A3 is an 3-formula according to Definition Again we may have tuples z,y having the
types X or 1.
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Lemma 6.25. A“[X, ||-||] + £-UB¥ (A43) F Ext(As(x)) — X9-UB¥(43)

Proof. Suppose that Asz is extensional x w.r.t. =x resp. =g . If y =x 0 then x =x 0 and thus
the premise and the conclusion are identical: 32NA5(0,0,z). Similarly for y =g 0. If |ly|| > 0
there exists n € N such that [|y|| > 27". Then from Vo <¢ y32NA5(z,y,2) we get by applying

Lemma to the negated formula, that equivalently VaX32NA5(retr ¢(z,y,n),y, 2) holds. Now
we apply ¥0-UB™ (A3) resulting in

3z*va X3z <y 2" As(retrg(z,y,n), y, 2).
Again by Ext(A3(x)) and Lemma we have 32*Vr < y3z <y 2*A3(2, v, 2). O

We now show how X9-UBY (and with extensionality also X9-UB™) can be generalized to the
situation where A5 is not only an existential formula but of the format 3&NVa; < ¢ yidaz =%
Y2 ... qu.

To prove this generalized principle from ¥9-UB* (and thus by FX) we add two choice (“epsilon”)
operators ¢ for both types in X to the language having roughly the following semantics: For the
variables y~, 2NX) (and n) its output is an element ¢(z,y) := <3 y such that z(x) =y 0. If
such an element does not exist we set ¢(z,y) := 0x (or ¢(z,y) := Og respectively). To eliminate the
hidden universal quantifier in x < ¢ y we use a technically involved axiom and also more involved
semantics for which we refer to the proof of Proposition [6.27}

Definition 6.26. We define an extension of the theory A“[X, ||-|]] denoted by A“[X, |||, ¢] by
adding constants ¢ of type X (N)(X)(NX) and of type 1(N)(1)(N1) and the following purely uni-

versal axioms

(9) v X |y X vy NE)
(lyll >r 27" = (z(retr g(, y, n)) =n 0 = z(retr(¢(2, y,n),y,n)) =n 0)).
Proposition 6.27 (cp. [30, Definition 3.21]). Let (X,|-||) be a nontrivial normed space. Then
89X becomes a model of A*[X, ||-|| , @] by letting the variables of type p range over S, if all constants
of AY[X,||-||] are interpreted as in Pmpositz'on and ¢ is interpreted by any function with the

semantics specified below. The same holds for all extensions of A“[X,||:||] and their respective
models.

Proof. The existence follows from the semantics of ¢, which we define as follows (using AC on the
metalevel):

retrg(z,y,n)  for X with z(retr ¢(z,y,n)) = 0,
p(ZNE) X ) =4 if 2% exists,
Ox otherwise.
ming (z, M(y(0) + 1))  for a! with z(retr ¢(z,y,n)) = 0,
(2D Yyt nlNy =, if z! exists,
Or otherwise.
Since z(retrx (z,y,n)) =y z(retrx (retrx (z,y,n),y,n)) and z(retr 41 (x,y,n)) =n z(rvetr 41 (&, y,n))

the axioms (¢) are fulfilled. We have to show that ¢ is majorizable in the proof of Theorem m
which is the reason why the semantics involves the retr ¢(x,y,n) and min; operations. O
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We define a more general uniform boundedness principle

X\/,N ) —n X3, N 5
SOUBX - Vy=vn (A llyill >r 27" A V2™ 327 Ay _(vetr (x, yo, 1), Y, 2)
1 I i=0

— FzVa¥ 3z <y 2% Ay, (retr ¢(x, Yo, 1), y, z)),

where Ay _ = 3k X 32¥ . VaX_ FaX
Oqe(retr (21,91, 1), . . ., rett H(XTm, Ym, 1), K, retr g(z, y0, 1), y, 2, ),

where 0 is quantifier-free with arbitrary free parameters a. First we show how the augmented
theory A“[X, |||, #] proves the more general uniform boundedness principle by Z?—UB)E and thus
by F¥.

Lemma 6.28. A“[X, |||, ¢] + 2{-UB* F £9-UB;_.

Proof. Let 9qf(335( ,yj(, kN a) be a quantifier-free formula containing only the free variables indi-
cated. Then there exists a closed term ty which provably satisfies

t@(xvyakvg) =N 0« eqf(xayvkag)~

Now we apply ¢ to z := )\J;X.tg(x, y, k,a), y and n, implying (omitting all further arguments of ty
for improved readability) under the assumption ||y|| >gr 27" :

Oge(retr g(z,y,n),y, k, a) = Oge(retr (p(Az.to(z),y,n),y,n),y, k, a). (6)

By (6) we have that Elxj(ﬂqf(retr;((a:,y,zz), Y, k,a) < Oqe(retr g(o(Az.to(z),y,n),y,n), vy, k, a).
Analogously, this can be applied to 32X -y with the following outcome:

V2 Ogs(retr gz, y,m), y, k, @) < Ogs(retr ($(Az.t-(z),y,n),y,n), y, k, a).

Iterating the procedure we obtain that Z?—UB)E implies the more general case E?—UB;? _ where
Ap,— can be of the form

ﬂkNVx{(fo, .. .Vmi_lﬂxﬁﬁqf(retr)g(xl, Y1,n), ..., k,retrg(z,y,n),y,2,a).

This is possible since by the previous algorithm one can transform A; _ to an equivalent existential
formula and use ¥{-UB¥. O

Corollary 6.29. A“[X, |||, ¢] +F*  £9-UB}_.

Proof. Follows from Lemmas [6.23] and [6.28] O
Lemma 6.30.
ALK )+ S9-UB v (il >z 27
i=0
/\Vm{{ﬂxf . .Vmi_lﬂxiﬂzNeqf(retrX(xl, Y1,1), -+, 1t Ty Ym, 1), Y5 2, @)
— Elz*Vz{(Exg( . .szg_lﬂxﬁﬂz =N 2" 0qe(retr (w1, y1,1), . .., 1€tr X, Yy 1), Y, z,g))
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Proof. We apply the axiom E?—UBif_ iteratively, first to Vx,)f;_lElzNEla:X 04 Tesulting in

m
fo(a:cf . .vx§733x§72az*vx§713$§32 =y 2"
eqf(retrf((:rla Y1, n)a sy retr){'(‘rmflv Ym—1, n)7 retr)?(mma Ym, n)g7 2, Q)
until we obtain EIz*fo(Elmg( .3z 2y 2 Ogp(retr g(@r, Y1, n), retr (wa, Y2, m) .. Y, 2, 0)). O

Definition 6.31. We define the generalized uniform boundedness principle for extensional formulas
HUNaqf:

VY2 (Vor = y1dae g yo... 32N, 00y

YO-UBX (FoV0,¢) :
! b ( qf) — 32"V g yiIxe 25 Y2 ... T2 Xy Z*H’UNeqf(. . )),

where we allow arbitrary free variables.

Proposition 6.32.
A“LX |l 4+ 29-UBJ_ F Ext(FoN0qe(z)) — S9-UBG (J0M0yy).

Proof. Let y1,...,ym € X (or y1,...,ym € R) and n € N such that all ||y;|| > 27" and assume
Vo, =% y1dze <% y2... 3T, <% Ym 32N, vNﬁqf(xl, e T, Yy 2,0, a).
By Ext(3vN0.¢(x)) together with Lemma (applied m times) we have
Vm{zﬂxf . ElegzlzN, vNﬁqf(retrX(xl, Y1,n)s ., 1t (Toms Y, M), Yy 2,0, @).

We apply Lemma m (where the two existential number variables can be thought of coded into a
single one) to obtain

3z*, U*fo(ﬂxg( .3z 2y 27w 2y v Oge(retr (w1, y1, n), retr g(x2, Y2, 1) ..., Y, 2,0, 0).
Then this implies the following weakening of the statement:
Hz*fo‘H:rgf e HwnX;HZ =N 2" 30N 0gs(retr (@1, y1, n), retr g(z2, Y2, 1) ..., Y, 2, v, @).
By the extensionality of 3v"0ys w.r.t. z we obtain with Lemma

F2"Va1 =g y1dxe g Y2... I 2% Ym3IZ =N Z*ElvNﬁqf(xl, e Ty Y, 2,0, ).

Theorem 6.33.
A9LX || 6] + F R v OOy SO (G (T wp) — (o(T) YK -1 (T)))

where @o—k is the 2~ % -approzimation of a formula ¢ of the class PBL according to Lemma
and U, (T,wr) expresses the uniform continuity of T (see . Instead of FX one can also use
¥0-UBX.
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Proof. Let ¢ € PBL. The direction o(T) — VkNpy—« (T) is trivial. For the converse direction we
prove =(T) — ~(VEN o« (T)). Let

@(T) = O (T, 1, 8) := VI, 2 35, 4% ..V, 283, yX (T(2,y,1) = 0)

Tm“’m

be a formula in the class PBL. Negating ©,, gives
M3zy < 1grVyr =g Lgsi... 36N (|T(z, y,0)| >r 27F).

Since ‘T (z,v, l)| >g 27" is extensional (since 7' is uniformly continuous) and in X9, we can apply
Corollary and Proposition resulting in (using monotonicity w.r.t. k)

N, N3y 2 1er Vi 2 Lgsi... (|T(z,y. )| >r 27F).

Now we use the modulus of uniform continuity wy to prove the negated approximate formula
according to Lemma [6.13]

N, N3y <5 1g(r — 277y 25 Lg(s1+27%) . (|T(z, v, )| >r 27F). (7)

Since the modulus depends on the range of the bounded variables which we are about to modify we
define a new modulus wi (b, k, 1) := max{wr(b+ 1,k + 1,1),k + 1}. Due to the uniform continuity
with the new modulus w} we have

VlNV,T{(,SAL:{? =% 1)2(7"1 + 1)Vy§727{2 =% 1)2(81 + 1) -
(m 1T — @il 1T — will <m 2797OFD = | T(2,9,0) — T(Z.7,1)| <z Q_k_l),
=1

where b := [max{r;,s; | 1,7 € {1,...,m}}].

Finally we need to argue why for any point € B,(0) there exists a point z* € B,._5-(0) (for

all n € N such that » — 27" > 0) such that ||z* —z| < 27™. Note that in a metric space

this is not necessarily the case but in normed spaces this is always possible by setting z* :=
(r—2"")x

max{||z||,r — 27"}

Hence, we have shown

3EN, N3z, <5 1lg(rm— 2_N)Vy1 <5 1lg(s1+ 2_N) AT (2, y, D] >k 2—hk-1
where b := [max{r;,s; | ¢,7 € {1,...,m}}] and
N = max {w}(b, k1), [—logy (r))] +1|i€{1,...,m}}.

Due the fact that N > k + 1 we haven proven (7).
For the claim with %¢-UB¥ one uses Lemma instead of Corollary O

Remark 6.34. There is a variant of the monotone functional interpretation, on which our metathe-
orems are based, due to [I4] and extended to abstract spaces X in [I3], which treats bounded
quantifiers directly as computationally empty (thereby avoiding the need for an epsilon-operator)
and which is particularly tailored towards conservation results for general uniform boundedness
principles. However, this so-called ‘bounded functional interpretation’, is based on an intensional
rule-based treatment of the bounding relation <x which is not provably equivalent to the usual
relation which we use (as in model theory).
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It is interesting to note that in the presence of uniform boundedness, it would have been sufficient
to assume that the function 7" is extensional, since uniform boundedness proves uniform continuity
on bounded sets from extensionality (see [30, Proposition 4.3]). In model theory the assumption of
extensionality is empty because in a model every function is extensional (because one has built-in
equality). As a consequence of this, all function symbols are assumed to be uniformly continuous
(on bounded sets) in model theory whereas in proof theory it is common to operate with partial
forms of extensionality which only need weaker assumptions than full uniform continuity (see
e.g. the treatment of functions satisfying the condition (E) used in fixed point theory in [35]).

Proposition 6.35 ([I9, Proposition 9.26]). Let U be a countably incomplete ultrafilter. For a
normed space (L)-structure M and any positive bounded formula ¢, with elements ay,...,a, of M
of suitable sorts the following are equivalent: M E 4 play, ..., a,] and (M)y E lag, ..., an].

Discussion. In Theorem we have shown that the uniform boundedness principle (via F)f)
proves the equivalence of approximate truth of a positive bounded formula and the original formula
(even allowing a more general class of formulas PBL). Together with Proposition this gives
rise to the following analogy:

“Uniform boundedness in proof theory = Ultrapower in model theory”.

Theorem 6.36 (Logical Metatheorem for the uniform boundedness principle). Let p € T be an
admissible finite type and © be a set of sentences of the class PBL, O, be the set of approrimations
of © in the sense of Lemma such that for each o € © we have provably U, (T,wr) (see
13) on p. for some closed terms wrp, T defined in the language of A“[X, ||-||]. Let By(z,u),
resp. C3(x,v), be V- resp. I-formulas that contain only the variables x,u resp. x,v free. Assume

AY[X ], 0] + © + FX - va? (VUNBv(JJ, u) — HUNCH(Z,U)) (8)

then one can extract a partial functional ® : 5?4 N whose restriction to the strongly majorizable
elements of Sg is a (bar recursive) computable functional of M* and the following holds in all
nontrivial normed spaces X s.t. 8% = 0O.: for allx € S,, x* € S;; if * 2, x then

Vu < &(2™)By(z,u) = Jv < &(2*)C3(x,v).
Moreover,

1. if p is type 1, then ® : S? — N is a total computable functional (in the ordinary sense of
type-2 recursion theory).

2. All variables may occur as finite tuples of the same type.

3. If the statement in can be proven without the axiom of dependent choice, one does not
need bar recursion. Then the functional ® : S; — N is primitive recursive (in the sense of

Gaodel).

Proof. We have to add the following lines of reasoning to the proof of Theorem In Proposi-
tion the constants ¢ are interpreted in S“>X. Since the type of ¢ is (in case of type X) not
admissible we have to argue that we can also interpret ¢ in M** such that [¢]se.x =, [¢]pe.x,
where ~,, is defined in [3I], Proposition 3.71 and Lemma 17.84]. By restricting [¢]s..x to arguments
of M ie [¢]pgw.x = [¢]ge.x [age.x, Wwe obtain a suitable candidate for the interpretation of
¢ since all arguments have an admissible type and so Lemma is applicable. Then we have to
show that ¢ is majorizable, which is a straightforward computation if one uses the majorants for
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type 1: X.z2, ', nN. M (y(0) + 1) and for type X: Azt, yN, nN.y (see Deﬁnitionfor the majoriza-
tion types). Thus, we have proven [¢|sw.x =, [¢]pe.x. Note that both majorants are simple,
computable functions and thus do not contribute to the complexity of the extracted bounds.

The axiom F¥ is an axiom A, hence we can apply Corollary From Proposition we know
that M X = FX (but S £ FX, see Section and by Lemma that M“X |= P

Since we have shown in Theorem that under FX the sets © and O, are equivalent and O,
can be written as an axiom A (see Lemma and the proof of Proposition , we are free to

8

assume the stronger version in the proof of (8)), whereas we only have to demand the truth of the
approximate version in the respective model. O]

Remark 6.37. Observing the above proof shows why, even without using dependent choice in the
proof of , the restrictions on the types cannot be relaxed, since we have to pass through the
model M X for F¥ to hold.

Definition 6.38 (cp. [30, Definition 3.8]). The class H consists of all sentences (in the language
of the theory in question) that have a prenex normal form

YaPVb =, ra3x)Vyl' ... 3a2hVym F(a, b, 2, Y),

where F5 is an 3-formula according to Definition [5.12] the types 7;, p are small and o is admissible
and bounded by a closed term r.

We present a conservation result for the class H for the uniform boundedness principle, which can
be proven from F¥ (see Lemma .

Corollary 6.39 (cp. [31, Corollary 17.49 and Corollary 17.104] and [30, Corollary 3.9]). Let A be
a sentence in the class H. If
AL ] 0]+ FE - 4,

then A holds in any nontrivial normed space X. Similarly for the extensions of A“[X, |||, ¢].

Proof. The proof is similar to the proof of [31, Corollary 17.49]. Short summary: One applies
Theorem where the restrictions of types in the class H become apparent when bringing A to
the right logical format (its Herbrand normal form) in order to be applicable. O

6.4. Applications of the uniform boundedness principle

In the following we will analyze some pairs of properties of normed spaces and their connection to
uniform boundedness and forming ultrapowers.

Example 6.40 ([T, II, Theorem 4.5]). Let X be a Banach space and U be a nontrivial ultrafilter
on N. Then (X) is strictly convex < (X)y is uniformly convex < X uniformly convex.

Proposition 6.41 (cp. [31, Proposition 17.110]).
A“[X,|]-]]] + 2%-UB* F X is strictly convex — X is uniformly convex.
Proof. Strict convexity can be formalized as follows
VEN 2, 29 <x 1x3InN (||%(331 + .’172)” >1-2"" > ||z — x| < 2"“) (9)

The formula ||1(z1 4+ z2)|| > 1 = 27" = [l — 2] < 27" is of type FvNfy and is extensional
allowing us to use Lemma and apply E?—UBX resulting in

VENIn Yz, 20 <x 1x (||%(w1 +:E2)|| >1-2"" 5 ||z — x| < 2*’“)

expressing uniform convexity. O
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Using the conservation result from Corollary [6.39) we also show that adding the uniform bounded-
ness principle does not invoke the provability of strict convexity (and further properties) of the
normed space in question. To this end we only need to prove that the property in question can be
equivalently formulated by a sentence in the class H.

Proposition 6.42. A“[X, |-]]] + F~ ¥ X is strictly convex.

Proof. The property of a space X to be strictly convex (see @D) is in the class H. The claim
then follows from Corollary and the fact that there exist Banach spaces which are not strictly
convex (e.g. l1,ls0)- O

Definition 6.43 ([22] and [46]). Let X be a Banach space. Let B(X) denote the unit ball.

1. We call X nonsquare if Yo,y € B(X) (min {H% N %H} <1).

2. We call X uniformly nonsquare if

36 > 0V, y € B(X) (min {||Z52||, ]| %52]]} <1-96).

Proposition 6.44. Let X be a Banach space and U be a nontrivial ultrafilter on N. Then the
following are equivalent.

1. (X)y is nonsquare;
2. (X)y is uniformly nonsquare;
3. X is uniformly nonsquare.

Proof. We only prove the rest is rather trivial. Assume that (X); is nonsquare and for a
contradiction that X is not uniformly nonsquare, i.e.

ViNTz,y <x 1x (Hx;yH >1-27FA

“yofo1os).

implying the existence of sequences (z,)nen, (Yn)nen C B1(0) such that

LTn — Yn

2

Tn + Yn

>1—-2""A >1-27"

Now set Z := (x,,) and § := (y,,) as elements of (X);; having the following properties:

lim |z, —ynll =2 = |7 =y, lim |z, +ynll =2 = |7+ 9],
n—o00 n—00
contradicting the statement that (X); is nonsquare. O

Proposition 6.45.

A“[X,|I-]] + £%-UB* F X is nonsquare — X is uniformly nonsquare.

Proof. Follows by applying E?—UBX to the statement “X is nonsquare” which can be formalized
as follows
Va,y <x 1x 3k € N (min {|| 22|, ]

s} <1-27%), (10)

Since min{H%| ,||%H} < 1 —27" is of the format N0y and is extensional, we can use
Lemma [6.25] O
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Proposition 6.46. A“[X, |-|]] + F~* ¥ X is nonsquare.

Proof. The property of a space to be nonsquare (see (L0)) is in the class H. The claim then
follows from Corollary [6.39] and the fact that there exist Banach spaces which are not nonsquare
(e.g. ly). O

The following result illustrates why forming ultrapowers can be seen as a form of completion
(cp. [48 Remark 3]).

Proposition 6.47 ([31], cp. Proposition 17.105]).
A“[X,|]-]]] + 2%-UB* F X is complete.

Proof. By contradiction: Applying Z?—UBX to the formula expressing the existence of a non-
convergent Cauchy sequence yields that the sequence cannot be Cauchy. O

Definition 6.48 ([36] and [43]). Let X be a Banach space, let n € N, and let B(X) denote the
unit ball and S(X) the unit sphere.

1. X is called p(n)-convex if Vaq,..., 2, € S(X)I1 <4, <n(i #jA ||lx; —x4]| <2).
1
2. X is called P(n)-convex if P(n) =sup{r > 0| 3n disjoint balls of radius r in B(X)} < 3

Example 6.49 ([43] cp. Theorem 3.8]). Let X be a Banach space and n € N and let U be a
nontrivial ultrafilter. Then (X); is P(n)-convex < X is P(n)-convex < (X)y is p(n)-convex.

Proposition 6.50. For every fited n € N
A“[X, |-]]] + 2%-UBX F X is p(n)-convex — X is P(n)-convex

Proof. One can formalize p(n)-convexity as follows (note that we can replace S(X) by B(X) as
the property is trivial if one of the z; has norm < 1)

Va1,... 20 <x 1XEIkN<min{Hxi — x| £ 4} < 2—2"“). (11)

Since min {||z; — x| | i # j} < 2—27% is of the form FvN0,; and is extensional we can use Lemma
and apply 29-UB* (to k only) yielding

N2y, ., Sx lx(min{Hxi —xzjll |1 # 5} < 2—2"“)

which is equivalent to P(n)-convexity by [36, Remark 1.4]. O
Proposition 6.51. For every fized n € N: A“[X, ||| + FX ¥ X is p(n) convex.

Proof. The property of a space X to be p(n)-convex (see (11)) is in the class H. The claim then
follows from Corollary and the fact that there exist Banach spaces which are not p(n)-convex
(e.g. I, C[0, 1] see [43] Example 3.4]). O

Definition 6.52 ([41] pp. 59-60] and [47]). Let X be a Banach space.

= + tyl| — |||

1. X is called smooth if the limit lim
t—0 t

1yl

exists for every z,y € X with ||z|| =1 =
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2. X is called uniformly smooth if for the modulus of smoothness px(7), 7 > 0 it holds that
lim,_,¢ pr(ﬂ =0, where

px(7) =

wp { Lo =l

C1laye X el = Ll =T}.

Example 6.53 ([12]). Let X be a Banach space and let U be a nontrivial ultrafilter. Then X is
uniformly smooth < (X)y is smooth < (X)y is uniformly smooth.

Proposition 6.54.
A[X,|-]l, J] + 29-UBX F X is smooth — X is uniformly smooth,

where A“[X, |||, J] is an extension of AY[X,||-||] by a constant J for the normalized duality map
and a universal aziom stating the properties of J (see [54)).

Proof. Consider the duality mapping J of X and let f, € J(z) for some z € S(X). For each A >0
and y € S(X) it holds by [47, Proof of Theorem 4.3.1]

[zl = llz = Ayl _ fo(y) _ [lz+ 2yl — =]

R 1

which is used to show that the single-valuedness of J is equivalent to smoothness. Now observe
that smoothness implies

vm'"Wa,y <x Ly (2|, yll = 1 = ||z +27Fy| + ||z — 27 Fy|| <2+ 27F27™)  (13)
which is a suitable format for the application of Lemma Applying E?—UBX yields
vYm 3k Ve, y =x 1x3k v k(2] lyll = 1 = [Jz +27Fy|| + |2 — 27 Fy[| < 2+ 27F27™)

which implies with the uniform norm-norm continuity of J which is equivalent to uniform
smoothness (see [T, Theorems I1.2.14 and I1.2.16]). O

Proposition 6.55. A“[X, -] + F* ¥ X is smooth.

Proof. Statement is in the class H. It can be shown that it is equivalent to smoothness. The
claim then follows from Corollary [6.39) and the fact that there exist Banach spaces which are not
smooth (e.g. I1,lx)- O

6.5. Applications of the uniform boundedness principle in current research
Definition 6.56 (cp. [I5]). Let X be a real Banach space and X* denote its dual space. Let
¢ : X — [0,00) be a continuous function with ¢(0) =0 and = # 0 — ¢(x) > 0 satisfying:
For all sequences (zp,)nen in X such that (||, ||)nen is non-increasing and lim ¢(x,) = 0 it holds
n—00
that lim ||a,| = 0.
n—roo

An accretive operator A : D(A) — 2% with 0 € A(z) is called ¢-accretive at zero if the following
holds for all (z,u) € A: (u,z — 2z)4+ > ¢p(x — 2).

The authors of [32] introduce a new definition which generalizes ¢-accretivity at zero in the sense
that the existence of the continuous function ¢ is not demanded but which has a stronger uniform
requirement on the positivity of A at zero instead such that the distance from 0 only depends on
the distance ||z|| has from zero 0 but not on z itself.
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Definition 6.57 ([32, Definition 10]). Let X be real Banach space. We call an accretive operator
A D(A) — 2% uniformly accretive at zero if

Vk,K € NIm e NV(z,u) € A (|l — 2| € 27, K +1] = (u,z — 2) 1 >27™).

We now show that the uniform boundedness principle can be used to obtain uniform accretivity
from ¢-accretivity when considering only single valued operators A. Since in Definition [6.56] we
have & # 0 — ¢(x) > 0 it follows that (assuming A(z) = 0)

Ve € D(A) (|l — z|| >0 — (A(z),z — z)4+ > 0)
which is equivalent to
Vk,K e NVz € D(A)ImeN (|lz — 2| > 27" Az — 2| < K +1— (A(z),2 — 2)4+ >277).

The variable K plays the role of y (which we could introduce as a dummy variable as well) bounding
x — z (and thus bounding z). Applying uniform boundedness and observing that the statement is
monotone w.r.t. m yields

Vk, K € N3m € NVz € D(A) (|lz — 2| > 27PNz — 2| S K +1 = (A(x),z — 2)4 > 27

which is exactly Definition [6.57] when considering single valued maps.

Remark 6.58. Note that one has to add an additional predicate A to the language in order to
formalize “V(z,u) € A” in our framework. By adding the definition of accretivity as a universal
axiom to the theory, the predicate A functions as an implicit quantification over all accretive
operators. Of course, one also needs to formalize dual spaces and the normalized duality map in
order to prove a logical metatheorem for the setting of (uniformly) accretive operators. In [34] the
authors provide a formal representation of the normalized duality map, together with a continuous
selection functional.

7. Logical Metatheorem for BLPL9-Banach lattices

In this section we recast the axiomatization of the BLPL9-Banach lattice from [20] in our proof-
theoretic formal framework and explicitly write it as an axiom A so that Corollary can be
(suitably adapted) applied (see Theorem below).

Definition 7.1. Let X be a lattice.
1. Two elements x,y € X are disjoint or orthogonal if |x| M |y| = 0, which is denoted by = L y.
2. For a subset A C X we denote the set of all disjoint elements of A by
At ={r e X |Vac A(x La)}.
A™ is also called the orthogonal complement of A.
Definition 7.2 ([42], Definition 1.2.1]). Let X be a vector lattice.

1. A subspace U of X is called a sublattice of X if for all elements z,y € U both z My € U and
xz Uy € U hold.

2. A subspace I of X is called an ideal if for all y € I and z € X with |z| < |y| also x € I.
3. Anideal B of X is called a band if for every subset A C B with sup(A) € X also sup(A4) € B.
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In [20] the class of bands of LP(L?)-Banach lattices is considered, which is closed under ultrapowers,
in contrast to the class of LP(L%)-Banach lattices (see [39]). Before discussing an axiomatization
using Banach lattices we give a more analytical definition: An abstract LP(L?)-space is a Banach
lattice X which, for some measure space (€, %, ), can be equipped with the structure of an
Lo (2, %, p)-module and with a so-called random norm N : X — LP(Q, %, 1) with the following
properties (see [20]). Note that all sentences have to read with the addition of “almost everywhere”.

1. Vo € Lo (2,8, )V € X(0 > 0AZ >0 — .o > 0).
2. Ve,y e X(N(z+y) < N(z)+ N(y)).

3. Vi € Loo(Q, 3, p)Va € X (N(p.2) = || N()).

4. Va,y e X(0 < [z < Jy| = N(z) < N(y)).

5. Vz,ye X (x Ly — N(z+y)?=N(x)?+ N(y)9).
6. Vo€ X (lzllx = [IN(2)] »)-

In the case which is most interesting for applications, N is explicitly defined by the map f —
(S INf @7, dt) /? " The multiplicative action of Loo(9,3, 1) on LP([0,00), LY(Q, X, u)) is well-
defined. If N is defined as above, the class of abstract LP(L9)-spaces coincides with that of bands
in LP(L7)-Banach lattices (denoted by BLPL?-Banach lattices). Following the approach for the
axiomatization of LP(§2, X, u)-spaces the authors of [20] prove an axiomatization by Banach lattices,
in this case relying on finite approximations.

Definition 7.3 (Banach-Mazur distance [38], p. 165]). Let X and Y be isomorphic Banach spaces.
Define
d(X,Y) :=inf{||L|| HL_1H | L is a linear isomorphism of X onto Y}

as the Banach-Mazur distance of X to Y.

The notion of £,-spaces due to ([40]) is applied to the setting of LP(L?)-Banach lattices by the
authors of [20].

Definition 7.4 (]20, Definition 3.1]). A Banach lattice X is a (£,L£,)x-lattice if for every € > 0
and every n € N it holds: Let z1,...,z, be positive, pairwise disjoint elements of X. There exists
a finite dimensional sublattice F' of X which is isomorphic to a finite dimensional BLP L?-Banach
lattice F with Banach-Mazur distance d(F, E) < A+ ¢ and contains elements z/, ..., ], such that
|z} — ;]| <eforalli=1,...,n.

Proposition 7.5 ([20, Proposition 3.6]). Let 1 < p,q < co. A Banach lattice is a (L,L4)1-lattice
if and only if it is isometrically lattice isomorphic to a BLP L9-Banach lattice.

Lemma 7.6. Let X be a Banach lattice, x1,...,x, € X and aq,...qa, € R.

1. For all pairwise disjoint positive elements x1,...,x, it holds that
1270 il > maxie oy {lel [}

2. For all elements x1,...,x,
<A(||xill <inw>0) = Nzl <1aa;>0) A > |2 n )] =0>,
i=1 i=1 i,j=1,...,n

i#]
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where T, = x; — x; ﬂZxk for each i€ {1,...,n} and

ki
<A|xz||<1/\x120/\ > |:Cl||_l|xj|0> — N zi = 2.
i,7=1,. i=1
i#
Proof. See Appendix [A.7] and [A7§] O

The following lemma is one of the main ingredients for the axiomatization of BL?L4%-Banach
lattices.

Lemma 7.7 ([20, Lemma 3.2]). Let X be a (£,Lq), -lattice. Then for every e > 0 and every finite
dimensional sublattice E of X there exists a finite dimensional sublattice F' of X and a vector
lattice homomorphism T : E — F such that F is (A + €)-lattice isomorphic to a finite dimensional
BLPL%-Banach lattice and for all x € E it holds: ||Tx — z|| < e ||z||.

Proof. See [20, Lemma 3.2], proving Lemma is instructive for the proof. O

Now we discuss an axiomatization of BLPL?-Banach lattices in terms of finite dimensional sub-
spaces in the language of Banach lattice due to Henson and Raynaud. They basically spell out
Proposition and the quantitative information from Lemma [7.7} Since it is not possible to for-
mally speak about finite dimensional subspaces in the language of Banach lattices, a finite set y

of generators of a subspace F' is used instead. Such a subspace has the shape (@ﬁllgi)p, where
y: (yij)i,j with ¢ = 1,...,m andj = 1,,dz

Definition 7.8 ([20, p. 219]). The infinite list of axioms for BLP L9-Banach lattices (A, n)n,Nen
is built up as follows:

d; ?/a\ Yp m  d;
Urnan () = V(Nij) i ja ((Z <Z | \ij |q> ) < Z Z Aij¥ij
7 . m j=1

i=1 j=1

(3 EE)))

Um.a(y) = Z |Yis] T |yirjr| =0
(, j)?f('/ J’)

U ZZ lyij — lyiil| =0

i=1 j=1

Um.a.N(Y) = Vg N (@) AP a(y) A a(y)

Qpn,m,g,N(E) = Hy '(/Jm d, N /\ A HA Tk — Z Z /\z]yl] < i

=1 j=1

On,.N(2) = w@n,m,dﬂ@)’ where m,dy,...,dy, € N with Zdi < n2"N

m,d i=1
An7N:=Vm1,---7wn( > lxi|ﬂ|xj|=own,zv<x>>.
1,7=1,...,n
i#]
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The formula 1, ; v (y) expresses that the finite dimensional subspace generated by the elements
y;; has Banach-Mazur distance of at most (1 4+ =) to (@?lll;“)p. The formulas ¢, ,(y) and

m
m,d

their linear span is a sublattice. Then <pn,m@7N(g) states that to given elements z1,...,xz, there
exists points y;; with the aforementioned properties such that a linear combination of those are an
%—approximation of the z;. Since in Definition the existence of some finite dimensional subspace
is required the formula ¢, y(2) is a big disjunction over all possible dimensions m, d,, where the
upper bound can be found in [20, Proposition 3.7]. In [20] it is indicated that one can translate
the axioms A, n into the language of positive bounded logic, which in turn can be translated into
sentences A as shown in Proposition One obstacle for the translation into positive bounded
formulas are the unbounded quantifiers. First we can assume that the elements xq,...,z, are
positive, since Definition @ is used in the axioms A, n. We can bound the norm of the elements
x; by 1, since we could renorm them which would lead to new coefficients A;; in ¢, .4, and larger
instead of =

error HI’”‘“ ~» which is of no harm since we implicitly quantify over all N € N. Setting
all but one Aij = 0 (and one to 1) we obtain from ¢, ; () that 1 < [ly;[| <1+ 5 L < 2. The

coefficients in ¢y, m 4§ are in the interval [—2,2] by the following reasoning: The yw are positive

(y) express that the y;; are positive and pairwise disjoint, which is necessary to show that

disjoint elements, and ||z|| < 1 yielding HZZ 1 Zj 1 AijYij|| < 2 which gives together with Lemma

.-that Aij € [—2,2]. Finally, with the help of a construction (z1,...,z,) — (2},...,2}) from
Lemma |A.§ - we can aV01d the universal premise in A, y.

Using sequence types we can even avoid having an infinite list of axioms, in fact it is possible in
our language to have only one axiom. To do so, we need some abbreviations:

Definition 7.9.

L. Set 1x(vym) := An,m.1x (constant 1x-function of type X (N)(N)).

2. We set INMEE) €[22 9] := I\ =<y A, b, LA (204 + 1,272 — 1)),
We axiomatize BLPL?-Banach lattices in our language as follows.

Definition 7.10. We define the extension A¥[X, ||-||,U, p, q] of the theory A“[X, |||, L] by adding
the constants c,, ¢4 of type 1 with the axioms ¢, >r 1g, ¢, >r 1z and the axiom B:

B =Y, N > 1v2¥ M3y < ymy 2 Loy SN O € [—2.9] (¢(n, N, 2,9, 1)),

é(n, N,z,y,\) := Im <y n2"V3d =N )\i.nZ"N<Zd(i) <y n2™V = o(n, N, z,y, )\,m7d)>,
i=1
where A\i.n2"Vis the A-abstraction,

m d(i)
o, N2y, m,d) = (N, m,d) Ak S (2R = D03 ADGIE) x v <= - |
=1 j=1
U(N,y,m,d) == ' (N,y,m,d) A" (y,m,d) A" (y, m, d),
m d(s) p/a\ 1/p m d(i)
¢'(N,y,m,d) :== V! NMN)((Z(ZP\(Z')U)H]@) ) <z [ DD IO y()()
i=1 = =1 j=1
m d(4) p/q\ 1/p
() (5 (o) ) )
i=1 j=1

V" (y, m, d) := Vi, io 2y mVj 2 d(i)¥jo 2w d(io) (i # o V § # Jo) = ly(8) ()] 1 |y(io) (Jo)| =x 0)
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m  d(i)

" (yomd) =YY y(6)() — Iy ()] =x 0

i=1 j=1

]

where 2 := ———
max{|[z]|, 1}

and z(4) = x(4) — x(i) M (Zk# :v(k)) for each i € {1,...,n}.
The axiom B can easily be written as an axiom A using the max{-} operation for the bounded
universal quantifiers and prenexing the two bounded existential quantifiers.

Remark 7.11. By having the universal closure instead of the infinite list of axioms we obtain a
somewhat stronger theory. In terms of standard models (S“*X) both theories coincide - otherwise
we would not have a correct axiomatization. However, the theory with the axiom B is stronger
than the theory with an infinite list of axioms since more statements are provable (e.g. B).

Proposition 7.12 (cp. Proposition [3.5). Let LP(Q,U,pu, L9(QY,U’, 1)) be a band of a Bochner
space (for 1 < p,q < o). Then S becomes a model of A°[X, |||, U, p,q] by letting the vari-
ables of type p range over S, with the constants being interpreted as specified in Proposition
(interpreting c, analogously to c,). Conversely, any Banach lattice X such that S** is a model of
ACX NI, U, p, q] is isometrically isomorph to a band in some LP(Q, U, u, LYY, U, 1'))-lattice.

Proof. Follows from the discussion after Definition [7.8] Lemma [7.6][A-8 Remark [7.11] and the
axiomatization of BLPL?-Banach lattices of [20]. O

Theorem 7.13 (Logical Metatheorem for BLPL?-Banach lattices). Let p € T be an admissible
finite type. Let By(z,u), resp. C3(x,v), be V- resp. 3-formulas that contain only the variables x,u
resp. x,v free. Assume

ACX ||| W, p, ] B V2 (Va By (z,u) — 30NC3(x,v))

then one can extract a partial functional ® : S;A N whose restriction to the strongly majorizable
elements of S; is a (bar recursive) computable functional of M* and the following holds for all
bands of LP(Q,U, u, LYY, U’, 1)) Bochner spaces (for 1 < p,q < o0): for all x € S,, x* € S’/p\ if
x* 2, x then

Vu < &(2™)By(z,u) — Jv < &(2*)C3(x,v).
Moreover, the supplements — of Theorem are also valid in this setting.

Proof. The proof extends the proof of Theorem [5.13] The theory for BLPL9-Banach lattices
A“[X, |||l ,, p, q] has two new constant symbols ¢,, ¢, which are both majorizable (see Lemma5.8)
and is extending the theory A“[X, ||-||,L] by the axiom B which can be written as an axiom A
(Definition . Thus everything follows from the proof of Theorem and Corollary O

Remark 7.14. Even more spaces can be added to be applicable for the above metatheorem. In [19]
Example 8.3] the authors list spaces which can be axiomatized in positive bounded logic: normed
algebras, C*-algebras, dual pairs (X, X'), where X is a Banach space and X' is its dual space,
triples (X, X', X") and operator spaces. Proving and applying metatheorems for those spaces
could be a natural sequel to this work.
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A. Appendix

Proposition A.1. The azioms|(BI1}(B10) are provable in A“[X, |||,L)].

Proof. [(B1); Let x,y,z € X such that x C y and y = z. Then we have by extensionality
(Proposition [2.11)) and by assumption (x Uy =x y and y Uz =x 2)

xlUz=xzU(@yUz)=x (zUy)Uz=x yUz=x z, hence z C z.

The other axioms follow similarly (making free use of extensionality): is immediate from (A1)

(B3)| follows from follows from [[AT)|and [[A3)} [(B5)|is a consequence of [[A4)| and [(A2)
(B6)| follows from follows from the definition of M and axioms [(A2)(A3)I(A4)l |(B8

is a consequence of (B9)| follows from The first conjunct of |((B10)|is immediate from

The second conjunct follows from |(A8)] O
Proposition A.2. The azioms from Definition [2.10 are true in any Banach lattice.

Proof. 1. The law 2 My = —((—xz) U (—y)), which we used to define MM, holds in any Banach lattice
(see e.g. [42], Theorem 1.1.1).

2. The axioms |[(AL)}(A2)I(A3)|and [(A4) are fulfilled by [45, II, Section 1, p.48].

3. The truth of translation invarianlﬁglzé&_ﬁﬂ in any Banach lattice follows from [45] p. 50].

4. Axiom[(AG)} Let z,y € X and A € R. Then [A| > 0. From z C z Uy following from axiom [(B4)]
we can use (LO)a: |Alz C |A|(z Uy) which is equivalent to |[Az U (|A[(zUy)) =x [A|(zUy).

5. Axiom follows directly from axiom |(B10)
6. Axiom can be inferred from axiom |[(B10)| as follows. Let x,y € X and observe that

Vu,v € X(u C wUw) is true. Thus we have Ox T Ox Uz C (0x U z) Uy implying with
J0x Uzl <g [[0x U2) Uyl
7. Axiom |(A9)| can be proven from axiom |(B10)| together with [45, II, Prop. 1.4] as follows. We
have for all x1,z9,y1,y2 € X

|21 Uy — 22 Uysa|| =g |||z1 Uyr — x2 Uys||

and
|z Uyr — 22 Uys| T |21 — 22| + |y1 — y2

which implies with the triangle inequality of the norm

1 Uy — 22 Ul <g [[le1 — 22| + [y1 — g2lll <r [l21 — 22l + lly2 — v2ll-
O

Lemma A.3 ([42],Thm.1.1.1). Let a,b,c be elements of a Banach lattice X with a,b,c > 0. Then
(a+c)Mb<afb+cnb.

Lemma A.4. Let X be a Banach lattice and let ag, a1, as € R with ag # 0 and x1,x2 € X with
x1,T9 > 0. Then
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1
1. |C¥0(£1| M To = ‘Oéo| (:cl M .TQ) .
|

2. |.’L‘1| [ |$2‘ =0— |041.’171| M ‘0423?2‘ =0.

Proof. 1. By [45] 11, Prop. 1.4 and Cor. 1] we have

X X
|vo] <x1 n— ) Sl @1+ | = |2 — == ‘
|ao | 0| |
1
25 ‘|040‘.’E1 +.’E2’ — ‘ |Oéo|.’E1 — .’EQ‘ = |OZ0|£C1 ﬂxg = \aoxl\ |_|CC2.

2. Suppose |z1| M ]z2] = 0. If @1 - @3 = 0 then (w.l.o.g. az =0)
0 S |041.’171| [l ‘042332‘ = ‘04131‘1‘ mno S 0.

Otherwise, w.l.o.g. 0 < |ag| < |aa]:

Aam o
0 < favr| Mozl ] (07112 o) < o hoa| 1 o2 =
1
O
Lemma A.5. Let n,k € N withn > k and x1,...,x, be pairwise disjoint positive elements of a
Banach lattice X. Let aq,...a, € R. Then Zle a;x; L Z;‘l:k-&-l oy,
Proof.
k n k n
45 II, Prop. 1.4]
0< S aw|n| Y ajz < Y lawln Y Jaayl
i=1 j=k+1 i=1 j=k+1
s " g, & o
S Z |OéiCCi|ﬂ Z |Otj5€j| S Z Z |aizi||_||ajxj| = 0
i=1 j=k+1 i=1 j=k+
O

Lemma A.6. Let X be a Banach lattice and let n € N. Then for all pairwise disjoint positive
elements x1, ...,y it holds |37 | x| > max;eqr, oy {ll@il}-

Proof. By induction. For n = 1 the assertion is trivial. For the induction step we first note that
(>, ;) L 241 follows from Lemma Assume the statement holds for n € N, then

n n n
(Z 517z> UZpyr + (Z xz) NZpy1|| = || (Z SCZ> UZni
i=1 i=1 i=1

[(B4)] and [(B10)] IH
> max szngall p > max{maxie 1,y tll@ill}, l2nsall}-

n

Z Ti + Tpy1

=1

[45] 11, Prop. 1.4]

n

DL

i=1

O

Lemma A.7. Let X be a Banach lattice and let n € N. Then for all pairwise disjoint positive
elements x1,..., 2, and all ay,...,an € Rt holds |37 1 aag|] > maxeqy oy {|ovl [|l2il]}-
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Proof. Suppose a1, ..., > 0 and agy1,...,0, <O0.

n k n k n

(B10] 5, 11, Prop. 1.4]
gaixi Eaixi— E laj| ;|| = gaimi— E loj| =
i=1 i=1

j=k+1 i=1 j=k+1
[45] 11, Prop. 1.4] -
;L Z loj| z; — Zaleﬂ Z loj| = Z\ai\xi
j=k+1 j=k+1 i=1

=0 by Lemma@
> maxer, ol [z}
O

Lemma A.8. Let X be a Banach lattice and let n € N. Then the following hold for all elements
LlyeeeyXp @

(A(IxillSMziZO)%A(IIxQII SVEEJVEDY Ix2”|x}|0>

i=1 i=1 i,j=1,....,n
i#j

and

(sz||<1/\ml>0/\ Z |:1ci|l_la:j|:0> %Awi:x’i,

i,j=1,. i=1
i#j

where T, := x; — x; N Zxk for eachi € {1,...,n}.
ki

Proof. Let x1,...,x, be positive elements of a Banach lattice X with norm at most 1. Positivity of

a}, follows from the positivity of z; since ; > ;M (Z xp). Also ||z4]] < ||z;i]| < 1 since 0 < 2} < a;.
ik

The fact that the sc; are disjoint can be checked as follows. For i # j:

il o5 = o] |1 (o —an (S
k#i k#j
< (:vi—mil_lmj)l_l(xj—wjl_lmi) =z MNx;—z; Ny =0.
For the second claim, let z1,...,z, be positive disjoint elements with norm at most 1. Then

A3
i — 2} = ||zi — [ 25 — 2 Zxk = ||@; M Zxk < Z(mkl_lmi) =0.

ki ki ki
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